Resonant osmosis across active switchable membranes by Marbach, Sophie et al.
Resonant osmosis across active switchable membranes
Sophie Marbach,1, 2 Nikita Kavokine,2 and Lyde´ric Bocquet2
1)Courant Institute of Mathematical Sciences, New York University, New York, New York,
USA
2)Laboratoire de Physique de l’E´cole Normale Supe´rieure, ENS, Universite´ PSL,
CNRS, Sorbonne Universite´, Universite´ Paris-Diderot, Sorbonne Paris Cite´, Paris,
France
(Dated: 10 February 2020)
To overcome the traditional paradigm of filtration, where separation is essentially performed upon steric siev-
ing principles, we explore the concept of dynamic osmosis through active membranes. A partially permeable
membrane presents a time-tuneable feature that changes the effective pore interaction with the solute and
thus actively changes permeability with time. In general we find that slow flickering frequencies effectively
decrease the osmotic pressure, and large flickering frequencies do not change it. In the presence of an asym-
metric membrane, we find a resonant frequency where pumping of solute is performed and can be analyzed
in terms of ratchet transport. We discuss and highlight the properties of this resonant osmotic transport.
Furthermore, we show that dynamic osmosis allows to pump solute at the nanoscale using less energy than
reverse osmosis. This opens new possibilities to build advanced filtration devices and design artificial ionic
machinery.
I. INTRODUCTION
Modern processes for filtration are based on passive
sieving principles: a membrane with specific pore prop-
erties allows to separate the permeating components from
the retentate1. The domain has been boosted over the
last two decades by the possibilities offered by nanoscale
materials, such as graphene based or advanced mem-
branes.2–8 Selectivity requires small and properly dec-
orated pores at the scale of the targeted molecules, and
this inevitably impedes the flux and transport, making
separation processes costly in terms of energy. Further-
more, standard membranes suffer from an intrinsic lim-
itation: to increase permeability, one must typically in-
crease the size of the pores at the expense of inevitably
diminishing selectivity. This is commonly referred to as
the selectivity-permeability trade-off.9
However, this classical paradigm only considers mem-
branes with fixed properties and pore size, and there-
fore the constraints of selectivity-permeability are de-
fined with static systems. Interestingly, Nature encom-
passes a number of highly selective and highly permeable
porins that operate far from equilibrium, and involve ac-
tive parts.1,10–12 Pore shape agitation was identified in
some cases to be tightly connected to selectivity prop-
erties.13 Therefore it is natural to revisit the trade-off
paradigm by investigating how it is possible to harness
non-equilibrium dynamics and active membranes to sep-
arate solutes across active nanopores,14,15 see e.g. Fig. 1.
There is accordingly an interesting analogy with active
matter 16–18 and the osmotic pressure generated by ac-
tive fluids in the vicinity of passive semi-permeable mem-
branes has also been explored. 19,20 However how mem-
brane dynamics may affect osmotic pressure remains to
be investigated. In this context we explore the concept
of dynamic osmosis and the possibility of tuning the os-
motic pressure via the membrane dynamics. This corre-
sponds to a non-equilibrium situation, which could allow
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FIG. 1. Membranes as potential barriers. (a) Porous
membrane seen as an energy barrier U(x); (b) The porous
membrane has some temporal dependence (for instance time-
dependent porous aperture), and can be seen as a time de-
pendent energy barrier U(x, t).
to some extent to bypass the equilibrium constraints of
separation.
Considering a nanopore with some dynamic feature
(e.g. a flickering aperture, a time-dependent surface
charge...), we raise the following questions: how is the
osmotic pressure expressed? How does the osmotic pres-
sure depend on the typical timescale of the dynamic fea-
ture? To adress these question, we will consider a simple,
yet insightful kinetic model of membrane separation, in
which the membrane pores are assimilated to a potential
energy barrier U(x) across the membrane (see Fig. 1-
a) 21–23. This energy profile is allowed to vary with a
typical time scale, modeling the dynamic feature of the
membrane (see Fig. 1-b). We show that the osmotic pres-
sure response is a highly non-trivial function of the fre-
quency of the pore oscillations. In specific regimes where
the energy barrier is asymmetric, the osmotic pressure
exhibits a resonance at a characteristic frequency. Inter-
estingly, we will harness the know-how of transport and
pumping through oscillating ratchet potentials 24 to pre-
dict the properties of dynamical osmosis. This allows in
ar
X
iv
:2
00
2.
02
93
1v
1 
 [c
on
d-
ma
t.s
of
t] 
 7 
Fe
b 2
02
0
2particular to identify the design rules for a minimal os-
motic pump. The properties of such active membranes
are therefore extremely broad and could be harvested for
advanced nanofiltration. Finally, we show that dynamic
osmotic solute pumping is energetically less costly than
standard reverse osmosis.
II. ACTIVE NANOPORE
A. Active membrane model and qualitative considerations
We consider a porous membrane separating two sub-
volumes, containing a solvent and a solute. There is
a solute concentration difference between the two sub-
volumes, ∆C = C2 − C1. Following Ref. 21, we consider
a model in which the pores are replaced by a potential
barrier (see Fig. 1). Specifically, we model the membrane
as an external potential U(x, t) acting on the solute only,
and not on the solvent molecules. The membrane thus
still remains permeable to the solvent, with a permeance
Lhyd, relating the flux Q to the pressure drop ∆p in the
absence of a concentration difference: Q = −Lhyd∆p.
The potential U(x, t) varies only along the x axis across
the membrane. We denote L the characteristic thick-
ness of the membrane, so that U vanishes outside the lat-
eral range L, see Fig. 1. The potential U represents any
kind of interaction between the solute and the membrane.
These could be steric interactions for e.g. colloids or large
molecules, or electrostatic interactions between charged
solutes and a charged membrane, etc. Although here we
consider that the primary interaction is between the so-
lute and the membrane, our model could be extended
further to account for specific interactions between the
solute and the solvent. To give rise to osmosis – which is
our interest here –, the necessary condition is that solute
and solvent do not interact in the same way with the
membrane1, and therefore to simplify we only consider
one interaction.
If the potential U(x, t) is static in time, the above ki-
netic framework allows to recover, for instance, the van
’t Hoff law for osmosis21,23. Here we are interested in the
dynamical case, where a time-dependent pore permeabil-
ity is modeled by an oscillating potential
U(x, t) = U0 φ(x) (1 +  cosωt) . (1)
The resulting configuration is schematically depicted in
Fig. 2. As the energy profile goes down with time, the
concentration profile is accordingly modified, as diffu-
sion brings solute into the membrane. When the en-
ergy profile goes up again, solutes diffuse outwards, and
the concentration profile flows away accordingly. A typ-
ical system representing such an active membrane could
consist in electrically gated pores25,26 or in mechanically
driven pores with some external excitation15. Note as
well that nearly every biological nanochannel works in
such nonequilibrium conditions with e.g. electrical or
mechanical gating27.
At this stage one can note that the ingredients enter-
ing our system are very similar to those composing an
oscillating potential ratchet. 24,28–33 Therefore, we may
expect the flux of solute particles to be strongly depen-
dent on the frequency of forcing, as well as the height U0
of the energy barrier. Here we are especially interested
in the consequences on the osmotic pressure, for which
there is little intuition and no analytic result.
In the following subsections we give details on how
to compute the concentration profile, the effective flux
and the osmotic pressure in this oscillating case. In the
following steps, we will perform an expansion in  for any
potential shape in order to obtain general results for the
osmotic pressure as a function of the frequency. Then in
the next sections, we will apply these results to specific
shapes of the potential and obtain explicit results.
U(x)
C1
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a b c effective flux
free diffusion
FIG. 2. Expected behavior with oscillating symmet-
ric energy barrier. (a) The energy barrier is initially fully
expressed, with the same solute on each side but in different
concentrations; (b) when the barrier is decreased, solute can
diffuse, eventually mixing up between both sides; (c) when the
barrier goes up again, solute is pushed back outwards, and so-
lute effectively originating from the right hand side ends up on
the left hand side, inducing an effective flux of solute. The ef-
fective flux is expected to depend on the spatial and temporal
characteristics of the potential.
B. Expansion of the Smoluchowski equation
In the 1D geometry described above, the solute concen-
tration c(x, t) obeys the time-dependent Smoluchowski
equation
∂tc =− ∂x (−D∂xc+ λc (−∂xU) + vc) , (2)
where D is the diffusion coefficient and λ = D/kBT the
mobility, with kB and T being the Boltzmann constant
and the temperature, respectively. We further assume a
low Pe´clet number limit, Pe = vL/D  1, such that the
convective term of Eq. (2) is negligible. This is valid for
low permeability (nanoporous) membranes – note that
convective terms are also of higher order in the concen-
tration profile as the velocity field v typically scales as
c (−∂xU) from the Stokes for flow eq. 17.
3The boundary conditions for the concentration are
c(x1, t) =C1
c(x2, t) =C2 (3)
with x1 = −L× δ0 and x2 = +L× (1− δ0) and δ0 a di-
mensionless parameter (see e.g. Fig. 4). In the following
we will also use δ1 = 1− δ0.
Using now the expression of U(x, t) in Eq. (1), the
Smoluchowski equation becomes
∂tc =−D∂x
(
−∂xc+ c U0
kBT
(1 +  cosωt) (−∂xφ)
)
.
(4)
We expand the solution as
c(x, t) = c(x) +  δc1(x, t) + 
2δc2(x, t)
with δc1(x, t) = Re
[
δc1(x)e
jωt
]
and δc2(x, t) = Re
[
δc02(x) + δc
1
2(x)e
2jωt
]
(5)
where Re stands for the real part. This expansion is
thought as an expansion in . The term c × cosωt in
Eq. (4) leads at second order to the expected modes in 0
and 2ω, yielding the two second order terms in Eq. (5). In
average over time, we expect the first order terms to van-
ish. To compute relevant quantities such as the osmotic
pressure and the average flux through the membrane, we
thus need to perform the expansion up to second order.
C. Concentration profile equations
In this section we present an analytic derivation for the
concentration profile and solute flux up to second order.
For readability we nondimensionalize the equations using
x˜ = x/L, t˜ = t/τ0, c˜ = c/C0 (where C0 = (C1 + C2)/2,
and ω˜ = ω/ω0, with ω
−1
0 = τ0 = L
2/D, u0 =
U0
kBT
).
We then drop the tilde signs to simplify. We also write
∆c = (C2 − C1)/C0, and fluxes are nondimensionalized
by DC0/L.
1. Zeroth order equation
The zeroth order solution c(x) is assumed to be sta-
tionary and thus obeys
0 =− ∂x (−∂xc+ c u0 (−∂xφ)) , (6)
whose solution is (see Ref. 23 for details)
c(x) = e−u0φ(x)
− (∆c) e−u0φ(x)
∫ δ1
x
dx′ exp[+u0φ(x′)]∫ δ1
−δ0 dx
′ exp[+u0φ(x′)]
, (7)
The corresponding flux to zeroth order is
J0 = −(1− σ0)×∆c (8)
with the rejection coefficient σ0 defined as
σ0 = 1− 1∫ δ1
−δ0 dx
′ exp[+u0φ(x′)]
. (9)
2. First order equation
The equation for the time-dependent concentration
δc(x, t) at order 1 is
∂tδc1(x, t) =∂xxδc1(x, t)− u0 ∂x[δc1(x)(−∂xφ)]
− u0 cos(ωt) ∂x[c(x)(−∂xφ)]. (10)
Accordingly, the first order complex amplitude,
δc1(x, t) = Re
[
δc1(x)e
jωt
]
(see Eq. (5)), obeys
jωδc1(x) =∂xxδc1(x)− u0 ∂x[δc1(x)(−∂xφ)]
− u0 ∂x[c(x)(−∂xφ)], (11)
The boundary conditions are assumed to be δc(x =
−δ0) = δc(x = δ1) = 0. The last term of Eq. (11) is
a driving term.
This equation can be solved for some specific forms
of φ(x), and we come back to analytic solutions in the
following sections. In the end we will find δc1(x, t) =
δc1(x) cos(ωt+ ϕ) where the phase ϕ depends on all pa-
rameters.
3. Second order equation
As pointed out above, the second order is a
sum of zero frequency and 2ω terms: δc2(x, t) =
Re [δc02(x) + δc12(x)e2jωt]. We focus on the zero fre-
quency term, δc02(x), which is relevant for the flux and
osmotic pressure, while the 2ω term will not contribute
and averages to zero.
The second order static term obeys the equation
0 =∂xxδc
0
2(x)− u0 ∂x[δc02(x)(−∂xφ)] (12)
− u0
2
∂x[|δc1(x)|(−∂xφ)] cos(ϕ) (13)
where the last term originates from the time average of
the first order term over one period. One can also just
solve Eq. (13) in the complex domain and we do that in
the following. We assume the following boundary condi-
tions: δc02(x = −δ0) = δc02(x = δ1) = 0.
Eq. (13) can be easily solved. Defining the second order
flux as
J2 = −∂xδc02(x)+u0(−∂xφ)δc02(x)+
u0
2
∂x[δc1(x)(−∂xφ)],
(14)
4one has J2 = const. This yields
J2 =
1
2
∫ δ1
−δ0 dx δc1(x)(−∂x exp[u0φ])∫ δ1
−δ0 dx exp[u0φ]
(15)
and
δc02(x) =− J2e−u0φ(x)
∫ x
−δ0
dx′ eu0φ(x
′)
+
e−u0φ(x)
2
∫ x
−δ0
dx′ δc1(x) (−∂x exp[u0φ(x′)]).
(16)
D. Dynamic osmotic pressure and flux
1. Osmotic pressure
We now turn to the expression of the osmotic pres-
sure. We write accordingly the force balance on the fluid
(composed of the solvent and the solute). It is crucial to
remark that the membrane will act on the fluid as an ex-
ternal force, −∂xU , exerted on the solute molecules. This
is due to solute and solvent being in a dense interacting
phase, where the force acts on the whole fluid volume as
solvent molecules are dragged along the solute. This is
expressed writing the force balance on the fluid, repre-
sented by the Stokes equation along the x direction (here
fully dimensionalized):
ρ∂tv = −∂xp+ c(x)(−∂xU) + η∇2v, (17)
where p is the fluid pressure, v is the flow velocity of
the fluid in the x direction, η is the fluid viscosity and
ρ its density. The driving force inducing solvent flow
is accordingly written in terms of an apparent pressure
drop, −∂xP = −∂xp + c(x)(−∂xU). The membrane, via
its potential U , will therefore create a pressure force on
the fluid, which writes per unit surface
σ∆Π =
∫ δ1L
−δ0L
dx c (−∂xU). (18)
∆Π is identified as the osmotic pressure which in the di-
lute case takes the simple van ’t Hoff expression ∆Π =
kBT∆C; σ is a screening parameter that takes into ac-
count the specificities of the membrane. Assuming that
the time scale to establish the flow is much faster than
the time scale of oscillation of the potential barrier, the
fluid flux will therefore write Q = −Lhyd(∆p − σ∆Π).
At high forcing frequencies, this assumption should be
reconsidered to account for inertial effects and may lead
to enhanced or decreased behaviors.
Here we are interested in the averaged effective force
over a period 〈σ∆Π〉. Following the previous formal ex-
pansion c(x, t) = c(x)+δc1(x, t)+
2δc2(x, t), we expand
the osmotic pressure contribution as
∆Πapp ≡ σapp∆Π ≡ 〈σ∆Π〉 = Π0 + Π1 + Π2 (19)
corresponding to contributions of the zeroth, first and
second order terms in the concentration; σapp is an ap-
parent screening parameter. Note that both terms ∆Π1
and ∆Π2 are of order 2 in . We come back to nondimen-
sionalized equations, where ∆Π is nondimensionalized by
kBTC2.
a. To zeroth order The corresponding osmotic pres-
sure contribution matches the stationary solution (see
also Ref. 23) and writes
Π0 = σ0 ×∆c
where σ0 is defined by Eq. (9). Note that the osmotic
pressure contribution at zeroth order satisfies the follow-
ing relation to the particle flux: Π0 = J0 +∆c (in dimen-
sionless form).
b. To first order We average the solution over a pe-
riod to obtain
Π1 =
2
2
∫ δ1
−δ0
dx′Re [δc1(x′)]× u0(−∂xφ)(x′) (20)
c. To second order Only the zero frequency term
δc02(x) contributes to the osmotic pressure, so that:
Π2 = 
2
∫ δ1
−δ0
dx′Re [δc02(x′)]× u0(−∂xφ)(x′) (21)
2. Relation to the particle flux
The (fully dimensionalized) solute flux is defined as
J = −D∂xc+ D
kBT
c(−∂xU). (22)
From Eq. (2) one then deduces that the time averaged
flux 〈J〉 obeys ∂x〈J〉 = 0, so that
〈J〉(x) = −D∂x〈c(x, t)〉+ D
kBT
〈c(x, t)(−∂xU)(x, t)〉
= const
(23)
Using ∆Πapp = 〈
∫ x2
x1
dx c (−∂xU)〉, one can integrate this
result to obtain
∆Πapp = kBT [C2 − C1] + kBTL
D
〈J〉 (24)
and in dimensionless form:
∆Πapp = ∆c+ 〈J〉. (25)
Therefore the osmotic contribution may be related to the
solute flux at any order, and also in out-of-equilibrium
5conditions. We stress that Eq. 24 is highly interesting
because it allows, from the description of the solute flow,
to quantify the osmotic pressure contribution. In general
it is difficult to compute the osmotic pressure contribu-
tion directly, and such a symmetry relation is of great
help to obtain the expression for the apparent osmotic
pressure.
The averaged flux can be calculated as 〈J〉 = J0 +
2 J2, with the first order term averaging to zero. Using
Eqs. (8)-(15), one deduces
∆Πapp =σ0∆c+ (1− σ0) 2 × ...∫ δ1
−δ0
dx′Re [δc1] (x′)(−∂x exp[u0φ(x′)]) (26)
where the rejection coefficient σ0 is defined in Eq. (9).
One can check that this expression matches the direct
calculation of the osmotic pressure from the force, see
above. Writing ∆Πapp = σapp∆Π with ∆Π = kBT [C2 −
C1] (now fully dimensionalized), σapp plays the role of
an apparent rejection coefficient. Note that σapp may
depend on the concentrations C1 and C2 and simplifies
to
σapp[ω,C1, C2] = σ0 +
(1− σ0) 2
∆c
× ...∫ δ1
−δ0
dx′Re [δc1] (x′)(−∂x exp[u0φ(x′)])
(27)
E. Explicit solution for the triangular potential
In the following we will apply these results to the spe-
cific case of a triangular shape for the potential U(x).
This allows to obtain explicit analytic expressions for the
concentration profile as a function of frequency. The ana-
lytic expressions are however cumbersome and we report
the derivation and expressions in Appendix A. In the fol-
lowing we will focus on the implications of this analysis.
III. SYMMETRIC BARRIER, TOWARDS OSMOSIS ON
DEMAND
We investigate first the symmetric barrier case (typi-
cally as in Fig. 3-c), using both the analytic results and
standard numerical simulations (see Appendix B for nu-
merical simulation details). We explore a range of mod-
ulation frequencies and modulation depths  while keep-
ing the height u0 of the energy barrier fixed. In Fig. 3-a
and b we show the analytic and numerical results for
the apparent flux 〈J〉 and the apparent osmotic pressure
∆Πapp. The analytic expansion at small  is in fairly good
agreement with the full numerical simulation as long as
 . 0.5.
For large forcing frequencies, the apparent osmotic
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numerical result
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<latexit sha1_base64="vjMsDjXnvfipyEmhcUzx8SBL1BI="></latexit><latexit sha1_base64="vjMsDjXnvfipyEmhcUzx8SBL1BI="></latexit><latexit sha1_base64="vjMsDjXnvfipyEmhcUzx8SBL1BI="></latexit><latexit sha1_base64="vjMsDjXnvfipyEmhcUzx8SBL1BI="></latexit>
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⇥kBT C
<latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit>
⇥kBT C
<latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit><latexit sha1_base64="oPSzH1E5sKdyOHTcTU3EI2u2iVg=">AAAC2nicjVHLSsQwFD3W1/geFVdugoPgamhF0OXguHCp4OiAI0ObiRomfdCkggxu3Ilbf8CtfpD4B/oX3 sQKPhBNaXty7j0nufdGmZLa+P7zkDc8Mjo2XpmYnJqemZ2rzi8c6rTIuWjxVKV5Owq1UDIRLSONEu0sF2EcKXEU9Zs2fnQhci3T5MBcZuIkDs8SeSp5aIjqVpc6RsZCs353mx2wzo5QJmTNbrXm13232E8QlKCGcu2l1Sd00EMKjgIxBBIYwgohND3HCOAjI+4EA+JyQtLFBa4wSdqCsgRlhMT26XtGu+OSTWhvPbVTczpF0ZuTkmGVNCnl5YTtaczFC+ds2 d+8B87T3u2S/lHpFRNrcE7sX7qPzP/qbC0Gp9hyNUiqKXOMrY6XLoXrir05+1SVIYeMOIt7FM8Jc6f86DNzGu1qt70NXfzFZVrW7nmZW+DV3pIGHHwf509wuF4P/Hqwv1FrbJejrmAZK1ijeW6igV3soUXeA9zjAY9ex7v2brzb91RvqNQs4svy7t4AhJCW5Q==</latexit>
✏ = 0.1
<latexit sha1_base64="tMHrWQk64yRZO/ywR51qf0M9SAQ=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisaB/QVknSaR2aZsJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3L njxyFPlOO85qyZ2bn5hfxiYWl5ZXWtuL5RT0QqA1YLRChk0/cSFvKI1RRXIWvGknlDP2QNf3Ci440bJhMuogs1illn6PUj3uOBp4i6bLM44aGI7CPbKbtXxZJTdsywp4GbgRKyURXFF7TRhUCAFEMwRFCEQ3hI6GnBhYOYuA7GxElC3MQZblEgbUpZjDI8Ygf07dOslbERzbVnYtQBrRLSK0lpY4c0gvIkYb2abeKpcdbsb95j46n3NqK/n3kNiVW4JvYv3STzvzpdi0IPh6YGTjXFhtHVBZlLak5F79z+ UpUih5g4jbsUl4QDo5ycs200ialdn61n4m8mU7N6HmS5Kd71LqnB7s92ToP6Xtml23C2X6ocZ63OYwvb2KV+HqCCU1RRI2+JRzzh2Tq3Rtaddf+ZauUyzSa+DevhA8TDk+k=</latexit><latexit sha1_base64="tMHrWQk64yRZO/ywR51qf0M9SAQ=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisaB/QVknSaR2aZsJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3L njxyFPlOO85qyZ2bn5hfxiYWl5ZXWtuL5RT0QqA1YLRChk0/cSFvKI1RRXIWvGknlDP2QNf3Ci440bJhMuogs1illn6PUj3uOBp4i6bLM44aGI7CPbKbtXxZJTdsywp4GbgRKyURXFF7TRhUCAFEMwRFCEQ3hI6GnBhYOYuA7GxElC3MQZblEgbUpZjDI8Ygf07dOslbERzbVnYtQBrRLSK0lpY4c0gvIkYb2abeKpcdbsb95j46n3NqK/n3kNiVW4JvYv3STzvzpdi0IPh6YGTjXFhtHVBZlLak5F79z+ UpUih5g4jbsUl4QDo5ycs200ialdn61n4m8mU7N6HmS5Kd71LqnB7s92ToP6Xtml23C2X6ocZ63OYwvb2KV+HqCCU1RRI2+JRzzh2Tq3Rtaddf+ZauUyzSa+DevhA8TDk+k=</latexit><latexit sha1_base64="tMHrWQk64yRZO/ywR51qf0M9SAQ=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisaB/QVknSaR2aZsJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3L njxyFPlOO85qyZ2bn5hfxiYWl5ZXWtuL5RT0QqA1YLRChk0/cSFvKI1RRXIWvGknlDP2QNf3Ci440bJhMuogs1illn6PUj3uOBp4i6bLM44aGI7CPbKbtXxZJTdsywp4GbgRKyURXFF7TRhUCAFEMwRFCEQ3hI6GnBhYOYuA7GxElC3MQZblEgbUpZjDI8Ygf07dOslbERzbVnYtQBrRLSK0lpY4c0gvIkYb2abeKpcdbsb95j46n3NqK/n3kNiVW4JvYv3STzvzpdi0IPh6YGTjXFhtHVBZlLak5F79z+ UpUih5g4jbsUl4QDo5ycs200ialdn61n4m8mU7N6HmS5Kd71LqnB7s92ToP6Xtml23C2X6ocZ63OYwvb2KV+HqCCU1RRI2+JRzzh2Tq3Rtaddf+ZauUyzSa+DevhA8TDk+k=</latexit><latexit sha1_base64="tMHrWQk64yRZO/ywR51qf0M9SAQ=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisaB/QVknSaR2aZsJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3L njxyFPlOO85qyZ2bn5hfxiYWl5ZXWtuL5RT0QqA1YLRChk0/cSFvKI1RRXIWvGknlDP2QNf3Ci440bJhMuogs1illn6PUj3uOBp4i6bLM44aGI7CPbKbtXxZJTdsywp4GbgRKyURXFF7TRhUCAFEMwRFCEQ3hI6GnBhYOYuA7GxElC3MQZblEgbUpZjDI8Ygf07dOslbERzbVnYtQBrRLSK0lpY4c0gvIkYb2abeKpcdbsb95j46n3NqK/n3kNiVW4JvYv3STzvzpdi0IPh6YGTjXFhtHVBZlLak5F79z+ UpUih5g4jbsUl4QDo5ycs200ialdn61n4m8mU7N6HmS5Kd71LqnB7s92ToP6Xtml23C2X6ocZ63OYwvb2KV+HqCCU1RRI2+JRzzh2Tq3Rtaddf+ZauUyzSa+DevhA8TDk+k=</latexit>
✏ = 0.5
<latexit sha1_base64="ldW9fPCqi7x22SIQutuDax+wx8k=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwFRJRdCMU3bisaB/QVknSaR2aF5OJUIogbv0Bt/pT4h/oX3hnjKAW0QlJzpx7z5m593 pJwFNp2y8FY2p6ZnauOF9aWFxaXimvrjXSOBM+q/txEIuW56Ys4BGrSy4D1koEc0MvYE1veKzizWsmUh5H53KUsG7oDiLe574ribrosCTlQRyZh6Zt7V2WK7Zl62VOAicHFeSrFpef0UEPMXxkCMEQQRIO4CKlpw0HNhLiuhgTJwhxHWe4QYm0GWUxynCJHdJ3QLt2zka0V56pVvt0SkCvIKWJLdLElCcIq9NMHc+0s2J/8x5rT3W3Ef293CskVuKK2L90n5n/1alaJPo40DVwqinRjKrOz10y3RV1c/NL VZIcEuIU7lFcEPa18rPPptakunbVW1fHX3WmYtXez3MzvKlb0oCdn+OcBI0dy7Et53S3Uj3KR13EBjaxTfPcRxUnqKFO3gIPeMSTcWaMjFvj7iPVKOSadXxbxv07zkOT7Q==</latexit><latexit sha1_base64="ldW9fPCqi7x22SIQutuDax+wx8k=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwFRJRdCMU3bisaB/QVknSaR2aF5OJUIogbv0Bt/pT4h/oX3hnjKAW0QlJzpx7z5m593 pJwFNp2y8FY2p6ZnauOF9aWFxaXimvrjXSOBM+q/txEIuW56Ys4BGrSy4D1koEc0MvYE1veKzizWsmUh5H53KUsG7oDiLe574ribrosCTlQRyZh6Zt7V2WK7Zl62VOAicHFeSrFpef0UEPMXxkCMEQQRIO4CKlpw0HNhLiuhgTJwhxHWe4QYm0GWUxynCJHdJ3QLt2zka0V56pVvt0SkCvIKWJLdLElCcIq9NMHc+0s2J/8x5rT3W3Ef293CskVuKK2L90n5n/1alaJPo40DVwqinRjKrOz10y3RV1c/NL VZIcEuIU7lFcEPa18rPPptakunbVW1fHX3WmYtXez3MzvKlb0oCdn+OcBI0dy7Et53S3Uj3KR13EBjaxTfPcRxUnqKFO3gIPeMSTcWaMjFvj7iPVKOSadXxbxv07zkOT7Q==</latexit><latexit sha1_base64="ldW9fPCqi7x22SIQutuDax+wx8k=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwFRJRdCMU3bisaB/QVknSaR2aF5OJUIogbv0Bt/pT4h/oX3hnjKAW0QlJzpx7z5m593 pJwFNp2y8FY2p6ZnauOF9aWFxaXimvrjXSOBM+q/txEIuW56Ys4BGrSy4D1koEc0MvYE1veKzizWsmUh5H53KUsG7oDiLe574ribrosCTlQRyZh6Zt7V2WK7Zl62VOAicHFeSrFpef0UEPMXxkCMEQQRIO4CKlpw0HNhLiuhgTJwhxHWe4QYm0GWUxynCJHdJ3QLt2zka0V56pVvt0SkCvIKWJLdLElCcIq9NMHc+0s2J/8x5rT3W3Ef293CskVuKK2L90n5n/1alaJPo40DVwqinRjKrOz10y3RV1c/NL VZIcEuIU7lFcEPa18rPPptakunbVW1fHX3WmYtXez3MzvKlb0oCdn+OcBI0dy7Et53S3Uj3KR13EBjaxTfPcRxUnqKFO3gIPeMSTcWaMjFvj7iPVKOSadXxbxv07zkOT7Q==</latexit><latexit sha1_base64="ldW9fPCqi7x22SIQutuDax+wx8k=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwFRJRdCMU3bisaB/QVknSaR2aF5OJUIogbv0Bt/pT4h/oX3hnjKAW0QlJzpx7z5m593 pJwFNp2y8FY2p6ZnauOF9aWFxaXimvrjXSOBM+q/txEIuW56Ys4BGrSy4D1koEc0MvYE1veKzizWsmUh5H53KUsG7oDiLe574ribrosCTlQRyZh6Zt7V2WK7Zl62VOAicHFeSrFpef0UEPMXxkCMEQQRIO4CKlpw0HNhLiuhgTJwhxHWe4QYm0GWUxynCJHdJ3QLt2zka0V56pVvt0SkCvIKWJLdLElCcIq9NMHc+0s2J/8x5rT3W3Ef293CskVuKK2L90n5n/1alaJPo40DVwqinRjKrOz10y3RV1c/NL VZIcEuIU7lFcEPa18rPPptakunbVW1fHX3WmYtXez3MzvKlb0oCdn+OcBI0dy7Et53S3Uj3KR13EBjaxTfPcRxUnqKFO3gIPeMSTcWaMjFvj7iPVKOSadXxbxv07zkOT7Q==</latexit>
✏ = 1
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FIG. 3. Transport through an active symmetric bar-
rier. (a) Average solute flux dependence on ω/ω0 when
C2 = 1.82C0 and C1 = 0.18C0 and U0 = 5kBT where C0
is an arbitrary concentration unit. Note that the solute flux
is negative corresponding from solute current going from right
to left as expected from standard relaxation in sketch (c). It is
renormalized by ∆C. (b) Apparent osmotic pressure ∆Πapp
as a function of ω/ω0 for same parameters. The osmotic pres-
sure is given in units of kBT∆C. (c) Sketch showing the
potential barrier oscillation between two solute reservoirs at
different concentrations. (d) Numerical results and predic-
tion from Eq. (30) for the low frequency apparent osmotic
pressure.
pressure ∆Πapp approaches the usual van ’t Hoff con-
tribution kBT∆C, in other words the rejection coeffi-
cient plateaus to a constant value independent of the fre-
quency, as for static membranes. In this regime, the con-
centration profile does not follow the temporal variations
of U(x, t) and thus effectively sees only its time-averaged
value 〈U(x, t)〉t = U0φ(x). We thus expect:
σapp(ω →∞) = σ0 (28)
As expected, this result does not depend on . It is indi-
cated in Fig. 3-b by a small horizontal arrow.
For very low forcing frequencies, we expect the concen-
tration profile at any time t to be in quasi-static equilib-
rium with the potential, so that:
σapp(ω → 0) =
〈
1− 1∫ 1−δ0
−δ0 dx
′eu0φ(x′)(1+ cosωt)
〉
t
;
(29)
the latter may be approximated at small  and in the
case of a triangular symmetric potential (δ0 = 1/2) one
gets
σapp(ω → 0) ' σ0 − 
2
4
(1− σ0)eu0u20
1 + eu0
(1− eu0)2 (30)
Thus, when  increases, we expect a decrease of σapp.
6That is not necessarily obvious since the barrier effec-
tively goes up and down in cycles. This demonstrates in
fact that for a given amount of energy, more solute flux
is gained by lowering the barrier by that amount than is
lost due to raising the barrier by that same amount. We
plot Eq. (30) as a function of  in Fig. 3-d, and the values
obtained with the numerical results. The approximation
of Eq. (30) is very robust in reproducing the numerical
results.
These results show that the osmotic pressure contribu-
tion is strongly affected by the active component of the
membrane. It is therefore possible to tune the osmotic
pressure, and achieve “on demand” values. Such a rich
behavior is achieved while only assuming a symmetric
potential profile U(x, t). In the following, we seek the
osmotic pressure response with an asymmetric potential
profile, which is expected to be even more varied, and
explore the consequences for filtration and separation.
IV. ASYMMETRIC BARRIER: OSMOTIC RESONANCE
A. Towards an osmotic pump and sink
In this part we turn to asymmetric potential profiles,
and investigate their consequences on osmotic pressure.
We are inspired by the classical results on potential ratch-
ets24,28. Under an oscillating asymmetric potential pro-
file, one may expect non-trivial pumping of the solute
to occur for specific values of the frequency and poten-
tial shape. The qualitative principle of this ratchet-type
mechanism is sketched in Fig. (4) for various potential
asymmetries, highlighting that an oscillating potential
may lead to pumping, or, conversely, accelerate solute
diffusion (‘sink’ regime). Moreover, an oscillating bar-
rier is know to induce the so-called stochastic resonance
phenomenon.32 Therefore, because of the fundamental
relation between the osmotic rejection coefficient and the
solute flux demonstrated in Eq. (24), this various effects
on the solute flux should convert into a non-trivial result-
ing osmotic pressure acting on the fluid. The stochastic
resonance phenomenon observed on the flux is therefore
expected to result in an “osmotic resonance”. This is
what we clarify in the present section.
B. Characterization of the osmotic resonance, time scales
and amplitude
1. Osmotic resonance
As a proof of principle, we compute the solute flux and
apparent osmotic pressure in the case of an asymmetric
potential profile. We use both our analytic expansion
and standard numerical simulations (see Appendix B).
We show the results for the pumping geometry and the
sink geometry and for different barrier strengths in Fig. 5.
Note that the analytic expansion is quite robust but at
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d e f effective sink
free diffusion
U(x, t)
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FIG. 4. Principle for osmotic pump and sink. (a) Ini-
tial configuration of the asymmetric energy barrier U(x, t = 0)
with concentration imbalance; (b) when the barrier is de-
creased, the solute diffuses inwards; (c) when the barrier in-
creases back, solute that crossed the maximal point will be
flushed towards the right. If the frequency is well adjusted,
essentially only solute from the left hand side will have dif-
fused past the barrier and will be flushed to the high con-
centration reservoir, therefore acting as a pump. The process
iterates back to (a). (d) Initial configuration of an effective
sink with initial configuration inverted as compared to (a); (e)
when the barrier decreases, solute diffuses inwards; (f) when
the barrier increases again at an appropriate time, the solute
from the right has diffused beyond the maximal point, and
is effectively flushed to the left, thus increasing the effective
flux as compared to a symmetric barrier. The process iterates
back to (d). This increased diffusion is termed as a ’sink’.
high energy barrier strengths U0/kBT and at large  it
deviates quantitatively from the simulations (though the
observed trends are rather similar). In the case of nu-
merical simulations, ∆Πapp and 〈J〉 are obtained inde-
pendently and are in good agreement with the relation
of Eq. (24).
First, we clearly observe a resonance in both cases in
the solute flux and in the apparent osmotic pressure. A
pumping regime can indeed be achieved (left panels with
〈J〉 > 0 while C2 > C1). In terms of osmotic pressure,
this translates into an apparent osmotic pressure greater
than kBT∆C – or an apparent osmotic reflection coeffi-
cient greater than 1. This excess osmotic pressure trans-
lates into fluid flow. Therefore, if hydrostatic pressure
does not equilibrate osmotic pressure, an increased flow
of the fluid (including the solvent and solute) is observed
in the active osmotic pump regime (in contrast to the
static case).
Second, we clearly observe strong variations of the ap-
parent osmotic osmotic pressure, that eventually can lead
to a vanishing or a negative osmotic pressure in the sink
geometry in some frequency range; see Fig. 6-b or Fig. 9-
f. One may therefore tune the sign of the osmotic pres-
sure contribution. When the apparent osmotic pressure
is negative, this leads to a flow of fluid against the con-
centration gradient (towards the dilute side). This fluid
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U(x, t)
C1
<latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAAC xnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pb haWlvf2Nwqb++00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AK Q8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093 OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWd qnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9WwIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAAC xnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pb haWlvf2Nwqb++00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AK Q8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093 OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWd qnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9WwIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAAC xnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pb haWlvf2Nwqb++00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AK Q8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093 OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWd qnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9WwIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAAC xnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pb haWlvf2Nwqb++00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AK Q8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093 OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWd qnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9WwIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit>
C2
<latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlF IEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh7 7ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</ latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlF IEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh7 7ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</ latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlF IEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh7 7ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</ latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlF IEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh7 7ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</ latexit>
U(x, t)
!/!0!/!0
U0/kBT = 35 10
<latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit>
U0/kBT = 35 10
<latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s 1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJ PWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb 0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFv P7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexit>
U0/kBT = 35 10
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FIG. 5. Osmotic pump and osmotic sink (a) Schemat-
ics showing the geometry relevant for pumping, with a steep
energy barrier near the low concentration reservoir, C2 > C1
and δ0 < 0.5. (b) Schematics showing the opposite geometry
relevant to a sink, with C2 > C1 but δ0 > 0.5. (c) and (d)
Simulated (solid lines) and analytic (dashed lines) results for
the effective normalized flux 〈J〉(ω) and (e) and (f) osmotic
pressure ∆Πapp(ω). The results are plotted for several energy
barrier strengths in different colors, and  = 1.0 for simplic-
ity. The analytic curve for U0/kBT = 10 shows a very small
positive flux around the resonance. In the pumping geometry,
δ0 = 0.1 was taken while in the sink δ0 = 0.9. For all data
C2 = 1.82C0 and C1 = 0.18C0.
flow is accompanied by a flow of solute towards the dilute
side. If the permeability of the system is important, one
may therefore expect a net pumping of the fluid (hence
water).
To further illustrate the origin of this phenomenon, it
is interesting to investigate a simple toy model with an
ON/OFF potential instead of a sinusoidal time depen-
dence. This allows to obtain analytic expression for the
frequency dependent osmotic pressure. We report these
results in Appendix C. While such results do not aim at a
quantitative comparison, they highlight the phenomenon
of osmotic resonance in both the pump and sink regime,
see Fig.9.
2. Resonance frequency
We now investigate in more detail the resonance fre-
quency ωc at which osmotic resonance occurs. It is
strongly dependent on the parameters of the system (see
for example Fig. 6-b), e.g. on the parameters determin-
ing the membrane interactions with the solute (barrier
strength U0/kBT and asymmetry parameter δ0).
In the pump or the sink process, there are two time
scales of interest: (i) a diffusive time scale that describes
the typical time that the solute takes to reach the maxi-
mal barrier point (when the barrier is down) and (ii) an
advection time scale corresponding to the time it takes
to “slide down” to the other side when the barrier is up
again.. Let us take the example of the sink process to
evaluate these time scales. For the sink process the dif-
fusive time scale writes
τdiff =
L2δ20
2D
(31)
as δ0 is the distance between the highly concentrated side
and the barrier peak. The advection process corresponds
to sliding down the other side of the barrier. It thus takes
place with a velocity that is the mobility multiplied by
the force DkBT ∂xU = DkBT U0L(1−δ0) . Therefore the advec-
tion time scale writes
τadv =
L2(1− δ0)2
D
kBT
U0
. (32)
At the resonance, one expects the period of oscillation of
the barrier to be equal to the maximal time scale for the
pump or sink process, so that τc = max (τdiff , τadv), and
therefore the resonance frequency obeys
ωsinkc /ω0 ∼ min
(
1
δ20
,
U0
kBT
1
(1− δ0)2
)
(33)
and similarly
ωpumpc /ω0 ∼ min
(
1
(1− δ0)2 ,
U0
kBT
1
δ20
)
. (34)
We plot the resonance frequency dependence with re-
spect to U0/kBT and δ0 in Figs. 6 and 7. In Fig. 6 the
linear dependence on U0/kBT expected from Eq. (33)
is clearly observed for intermediate values of U0/kBT .
For large values of U0/kBT , we may observe the ex-
pected saturation when U0/kBT ' δ−20 (in particular for
U0/kBT & 10 and δ0 = 0.2; larger values of U0/kBT were
not accessible either numerically or with the analytic ex-
pansion due to convergence issues.). For small values of
the barrier strength U0/kBT the process becomes very
weak and the scaling laws are no longer relevant.
In Fig. 7 the inverse quadratic dependence on δ0 is ob-
served in a narrow region, since it is expected for large
U0/kBT and large δ0 (visible still for δ0 & 0.05 and
U0/kBT = 10). For small values of δ0, the dependence
8100 102
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
10-2 10-1 100 101 102
101
102
103
10-2 10-1 100 101 102
101
102
103
numerics, sink
analytics, sink
U0/kBT = 35 10
<latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AA AC6HicjVHLSsNAFD3G97vq0s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbf hmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9W eg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6 GtNaZqXEL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp 9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIP cs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AA AC6HicjVHLSsNAFD3G97vq0s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbf hmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9W eg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6 GtNaZqXEL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp 9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIP cs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AA AC6HicjVHLSsNAFD3G97vq0s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbf hmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9W eg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6 GtNaZqXEL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp 9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIP cs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5b+d0fzGl+iFSFGFA3kOZlvM=">AA AC6HicjVHLSsNAFD3G97vq0s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hXfGCGoRnZDJmXPPOZk748a+lyrbf hmwBoeGR0bHxicmp6ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9W eg17rd3YZ2W2yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6 GtNaZqXEL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp 9TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H1JrIP cs4Nuw7t8Bw0maQQ==</latexit>
 0 = 0.05
 0 = 0.1
 0 = 0.2
<latexit sha1_base64="0DI3yjAOmLEkT44bO6zQCJzN2uM=">AAAC/nicjVLLSsNAFD2Nr1pfVZduBoviqiRFURdC0Y3LCvYBbSlJ Oq2haRKSiVCK4J+4cydu/QG3uhT/QP/CO2MK2io6IcmZc885mTsTK3CdSOj6a0qbmp6ZnUvPZxYWl5ZXsqtrlciPQ5uXbd/1w5plRtx1PF4WjnB5LQi52bdcXrV6J7JeveRh5PjeuRgEvNk3u57TcWxTENXKHm6zRpu7wmzp7IjpeX2PNRqZMdL4gSu0sjmSq8EmgZGAHJJR8rMv aKANHzZi9MHhQRB2YSKiqw4DOgLimhgSFxJyVJ3jChnyxqTipDCJ7dGzS7N6wno0l5mRctv0FZfukJwMW+TxSRcSll9jqh6rZMn+lj1UmXJtA3pbSVafWIELYv/yjZT/9cleBDo4UD041FOgGNmdnaTEalfkytmXrgQlBMRJ3KZ6SNhWztE+M+WJVO9yb01Vf1NKycq5nWhjvMtV 0gEb48c5CSqFvEF/yNlurnicHHUaG9jEDp3nPoo4RQllyr7BI57wrF1rt9qddv8p1VKJZx3fhvbwAQcEoDQ=</latexit><latexit sha1_base64="0DI3yjAOmLEkT44bO6zQCJzN2uM=">AAAC/nicjVLLSsNAFD2Nr1pfVZduBoviqiRFURdC0Y3LCvYBbSlJ Oq2haRKSiVCK4J+4cydu/QG3uhT/QP/CO2MK2io6IcmZc885mTsTK3CdSOj6a0qbmp6ZnUvPZxYWl5ZXsqtrlciPQ5uXbd/1w5plRtx1PF4WjnB5LQi52bdcXrV6J7JeveRh5PjeuRgEvNk3u57TcWxTENXKHm6zRpu7wmzp7IjpeX2PNRqZMdL4gSu0sjmSq8EmgZGAHJJR8rMv aKANHzZi9MHhQRB2YSKiqw4DOgLimhgSFxJyVJ3jChnyxqTipDCJ7dGzS7N6wno0l5mRctv0FZfukJwMW+TxSRcSll9jqh6rZMn+lj1UmXJtA3pbSVafWIELYv/yjZT/9cleBDo4UD041FOgGNmdnaTEalfkytmXrgQlBMRJ3KZ6SNhWztE+M+WJVO9yb01Vf1NKycq5nWhjvMtV 0gEb48c5CSqFvEF/yNlurnicHHUaG9jEDp3nPoo4RQllyr7BI57wrF1rt9qddv8p1VKJZx3fhvbwAQcEoDQ=</latexit><latexit sha1_base64="0DI3yjAOmLEkT44bO6zQCJzN2uM=">AAAC/nicjVLLSsNAFD2Nr1pfVZduBoviqiRFURdC0Y3LCvYBbSlJ Oq2haRKSiVCK4J+4cydu/QG3uhT/QP/CO2MK2io6IcmZc885mTsTK3CdSOj6a0qbmp6ZnUvPZxYWl5ZXsqtrlciPQ5uXbd/1w5plRtx1PF4WjnB5LQi52bdcXrV6J7JeveRh5PjeuRgEvNk3u57TcWxTENXKHm6zRpu7wmzp7IjpeX2PNRqZMdL4gSu0sjmSq8EmgZGAHJJR8rMv aKANHzZi9MHhQRB2YSKiqw4DOgLimhgSFxJyVJ3jChnyxqTipDCJ7dGzS7N6wno0l5mRctv0FZfukJwMW+TxSRcSll9jqh6rZMn+lj1UmXJtA3pbSVafWIELYv/yjZT/9cleBDo4UD041FOgGNmdnaTEalfkytmXrgQlBMRJ3KZ6SNhWztE+M+WJVO9yb01Vf1NKycq5nWhjvMtV 0gEb48c5CSqFvEF/yNlurnicHHUaG9jEDp3nPoo4RQllyr7BI57wrF1rt9qddv8p1VKJZx3fhvbwAQcEoDQ=</latexit><latexit sha1_base64="0DI3yjAOmLEkT44bO6zQCJzN2uM=">AAAC/nicjVLLSsNAFD2Nr1pfVZduBoviqiRFURdC0Y3LCvYBbSlJ Oq2haRKSiVCK4J+4cydu/QG3uhT/QP/CO2MK2io6IcmZc885mTsTK3CdSOj6a0qbmp6ZnUvPZxYWl5ZXsqtrlciPQ5uXbd/1w5plRtx1PF4WjnB5LQi52bdcXrV6J7JeveRh5PjeuRgEvNk3u57TcWxTENXKHm6zRpu7wmzp7IjpeX2PNRqZMdL4gSu0sjmSq8EmgZGAHJJR8rMv aKANHzZi9MHhQRB2YSKiqw4DOgLimhgSFxJyVJ3jChnyxqTipDCJ7dGzS7N6wno0l5mRctv0FZfukJwMW+TxSRcSll9jqh6rZMn+lj1UmXJtA3pbSVafWIELYv/yjZT/9cleBDo4UD041FOgGNmdnaTEalfkytmXrgQlBMRJ3KZ6SNhWztE+M+WJVO9yb01Vf1NKycq5nWhjvMtV 0gEb48c5CSqFvEF/yNlurnicHHUaG9jEDp3nPoo4RQllyr7BI57wrF1rt9qddv8p1VKJZx3fhvbwAQcEoDQ=</latexit>
 0 = 0.001
<latexit sha1_base64="WmVcOs7tPUBw8sZbtOI31aOK9u0=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRIRdCMU3bis YFuhLWWSTmtoXiSTQindiVt/wK3+kvgH+hfeGaegFtEJmTlz7j1n5s51k8DPhG2/FoyFxaXlleJqaW19Y3PL3N5pZHGeerzuxUGc3rgs44Ef8brwRcBvkpSz0A140x1eyHhzxNPMj6NrMU54J2SDyO/7HhNEdU2z3eOBYF3bOrPsim07XbMsVzmseeBoUI Yetdh8QRs9xPCQIwRHBEE4AENGXwsObCTEdTAhLiXkqzjHFCXS5pTFKYMRO6R5QLuWZiPaS89MqT06JaA/JaWFA9LElJcSlqdZKp4rZ8n+5j1RnvJuY1pd7RUSK3BL7F+6WeZ/dbIWgT5OVQ0+1ZQoRlbnaZdcvYq8ufWlKkEOCXES9yieEvaUcvbOltJkq nb5tkzF31SmZOXe07k53uUtqcHOz3bOg8ZRxbErztVxuXquW13EHvZxSP08QRWXqKFO3iM84gnPRtOYGnfG/WeqUdCaXXwbxsMHpiyULQ==</latexit><latexit sha1_base64="WmVcOs7tPUBw8sZbtOI31aOK9u0=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRIRdCMU3bis YFuhLWWSTmtoXiSTQindiVt/wK3+kvgH+hfeGaegFtEJmTlz7j1n5s51k8DPhG2/FoyFxaXlleJqaW19Y3PL3N5pZHGeerzuxUGc3rgs44Ef8brwRcBvkpSz0A140x1eyHhzxNPMj6NrMU54J2SDyO/7HhNEdU2z3eOBYF3bOrPsim07XbMsVzmseeBoUI Yetdh8QRs9xPCQIwRHBEE4AENGXwsObCTEdTAhLiXkqzjHFCXS5pTFKYMRO6R5QLuWZiPaS89MqT06JaA/JaWFA9LElJcSlqdZKp4rZ8n+5j1RnvJuY1pd7RUSK3BL7F+6WeZ/dbIWgT5OVQ0+1ZQoRlbnaZdcvYq8ufWlKkEOCXES9yieEvaUcvbOltJkq nb5tkzF31SmZOXe07k53uUtqcHOz3bOg8ZRxbErztVxuXquW13EHvZxSP08QRWXqKFO3iM84gnPRtOYGnfG/WeqUdCaXXwbxsMHpiyULQ==</latexit><latexit sha1_base64="WmVcOs7tPUBw8sZbtOI31aOK9u0=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRIRdCMU3bis YFuhLWWSTmtoXiSTQindiVt/wK3+kvgH+hfeGaegFtEJmTlz7j1n5s51k8DPhG2/FoyFxaXlleJqaW19Y3PL3N5pZHGeerzuxUGc3rgs44Ef8brwRcBvkpSz0A140x1eyHhzxNPMj6NrMU54J2SDyO/7HhNEdU2z3eOBYF3bOrPsim07XbMsVzmseeBoUI Yetdh8QRs9xPCQIwRHBEE4AENGXwsObCTEdTAhLiXkqzjHFCXS5pTFKYMRO6R5QLuWZiPaS89MqT06JaA/JaWFA9LElJcSlqdZKp4rZ8n+5j1RnvJuY1pd7RUSK3BL7F+6WeZ/dbIWgT5OVQ0+1ZQoRlbnaZdcvYq8ufWlKkEOCXES9yieEvaUcvbOltJkq nb5tkzF31SmZOXe07k53uUtqcHOz3bOg8ZRxbErztVxuXquW13EHvZxSP08QRWXqKFO3iM84gnPRtOYGnfG/WeqUdCaXXwbxsMHpiyULQ==</latexit><latexit sha1_base64="WmVcOs7tPUBw8sZbtOI31aOK9u0=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRIRdCMU3bis YFuhLWWSTmtoXiSTQindiVt/wK3+kvgH+hfeGaegFtEJmTlz7j1n5s51k8DPhG2/FoyFxaXlleJqaW19Y3PL3N5pZHGeerzuxUGc3rgs44Ef8brwRcBvkpSz0A140x1eyHhzxNPMj6NrMU54J2SDyO/7HhNEdU2z3eOBYF3bOrPsim07XbMsVzmseeBoUI Yetdh8QRs9xPCQIwRHBEE4AENGXwsObCTEdTAhLiXkqzjHFCXS5pTFKYMRO6R5QLuWZiPaS89MqT06JaA/JaWFA9LElJcSlqdZKp4rZ8n+5j1RnvJuY1pd7RUSK3BL7F+6WeZ/dbIWgT5OVQ0+1ZQoRlbnaZdcvYq8ufWlKkEOCXES9yieEvaUcvbOltJkq nb5tkzF31SmZOXe07k53uUtqcHOz3bOg8ZRxbErztVxuXquW13EHvZxSP08QRWXqKFO3iM84gnPRtOYGnfG/WeqUdCaXXwbxsMHpiyULQ==</latexit>
 0 = 0.02
<latexit sha1_base64="wCEq6+JAWi8sizC+g+lF6NydVIk=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5IUQTdC0Y3L CvYBbSmTdFqHpklIJkKprsStP+BWv0n8A/0L74wpqEV0QmbOnHvOnblz3cgXibTt15yxsLi0vJJfLaytb2wWza3tRhKmscfrXuiHcctlCfdFwOtSSJ+3opizsevzpjs6U/HmNY8TEQaXchLx7pgNAzEQHpNE9cxip899yXq2dWLZZbvSM0u06GHNAycDJW SjFpov6KCPEB5SjMERQBL2wZDQ14YDGxFxXUyJiwkJHee4RYG8Kak4KRixI5qHtGtnbEB7lTPRbo9O8emPyWlhnzwh6WLC6jRLx1OdWbG/5Z7qnOpuE1rdLNeYWIkrYv/yzZT/9alaJAY41jUIqinSjKrOy7Kk+lXUza0vVUnKEBGncJ/iMWFPO2fvbGlPo mtXb8t0/E0rFav2XqZN8a5uSQ12frZzHjQqZccuOxeHpepp1uo8drGHA+rnEao4Rw113fNHPOHZaBg3xp1x/yk1cplnB9+G8fABDGGT9A==</latexit><latexit sha1_base64="wCEq6+JAWi8sizC+g+lF6NydVIk=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5IUQTdC0Y3L CvYBbSmTdFqHpklIJkKprsStP+BWv0n8A/0L74wpqEV0QmbOnHvOnblz3cgXibTt15yxsLi0vJJfLaytb2wWza3tRhKmscfrXuiHcctlCfdFwOtSSJ+3opizsevzpjs6U/HmNY8TEQaXchLx7pgNAzEQHpNE9cxip899yXq2dWLZZbvSM0u06GHNAycDJW SjFpov6KCPEB5SjMERQBL2wZDQ14YDGxFxXUyJiwkJHee4RYG8Kak4KRixI5qHtGtnbEB7lTPRbo9O8emPyWlhnzwh6WLC6jRLx1OdWbG/5Z7qnOpuE1rdLNeYWIkrYv/yzZT/9alaJAY41jUIqinSjKrOy7Kk+lXUza0vVUnKEBGncJ/iMWFPO2fvbGlPo mtXb8t0/E0rFav2XqZN8a5uSQ12frZzHjQqZccuOxeHpepp1uo8drGHA+rnEao4Rw113fNHPOHZaBg3xp1x/yk1cplnB9+G8fABDGGT9A==</latexit><latexit sha1_base64="wCEq6+JAWi8sizC+g+lF6NydVIk=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5IUQTdC0Y3L CvYBbSmTdFqHpklIJkKprsStP+BWv0n8A/0L74wpqEV0QmbOnHvOnblz3cgXibTt15yxsLi0vJJfLaytb2wWza3tRhKmscfrXuiHcctlCfdFwOtSSJ+3opizsevzpjs6U/HmNY8TEQaXchLx7pgNAzEQHpNE9cxip899yXq2dWLZZbvSM0u06GHNAycDJW SjFpov6KCPEB5SjMERQBL2wZDQ14YDGxFxXUyJiwkJHee4RYG8Kak4KRixI5qHtGtnbEB7lTPRbo9O8emPyWlhnzwh6WLC6jRLx1OdWbG/5Z7qnOpuE1rdLNeYWIkrYv/yzZT/9alaJAY41jUIqinSjKrOy7Kk+lXUza0vVUnKEBGncJ/iMWFPO2fvbGlPo mtXb8t0/E0rFav2XqZN8a5uSQ12frZzHjQqZccuOxeHpepp1uo8drGHA+rnEao4Rw113fNHPOHZaBg3xp1x/yk1cplnB9+G8fABDGGT9A==</latexit><latexit sha1_base64="wCEq6+JAWi8sizC+g+lF6NydVIk=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5IUQTdC0Y3L CvYBbSmTdFqHpklIJkKprsStP+BWv0n8A/0L74wpqEV0QmbOnHvOnblz3cgXibTt15yxsLi0vJJfLaytb2wWza3tRhKmscfrXuiHcctlCfdFwOtSSJ+3opizsevzpjs6U/HmNY8TEQaXchLx7pgNAzEQHpNE9cxip899yXq2dWLZZbvSM0u06GHNAycDJW SjFpov6KCPEB5SjMERQBL2wZDQ14YDGxFxXUyJiwkJHee4RYG8Kak4KRixI5qHtGtnbEB7lTPRbo9O8emPyWlhnzwh6WLC6jRLx1OdWbG/5Z7qnOpuE1rdLNeYWIkrYv/yzZT/9alaJAY41jUIqinSjKrOy7Kk+lXUza0vVUnKEBGncJ/iMWFPO2fvbGlPo mtXb8t0/E0rFav2XqZN8a5uSQ12frZzHjQqZccuOxeHpepp1uo8drGHA+rnEao4Rw113fNHPOHZaBg3xp1x/yk1cplnB9+G8fABDGGT9A==</latexit>
 0 = 0.1
<latexit sha1_base64="8chO89Uhm5FOqXmLS3eKVd+xprk=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bis aB/Q1pKk0zo4TcJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3Lnjx4InynFec9bM7Nz8Qn6xsLS8srpWXN+oJ1EqA1YLIhHJpu8lTPCQ1RRXgjVjybyhL1jDvz7R8cYNkwmPwgs1illn6A1C3ueBp4i6bPeYUF7XsY9sp+x2iyWn7JhhTwM3AyVkox oVX9BGDxECpBiCIYQiLOAhoacFFw5i4joYEycJcRNnuEWBtCllMcrwiL2m74BmrYwNaa49E6MOaBVBrySljR3SRJQnCevVbBNPjbNmf/MeG0+9txH9/cxrSKzCFbF/6SaZ/9XpWhT6ODQ1cKopNoyuLshcUnMqeuf2l6oUOcTEadyjuCQcGOXknG2jSUzt+ mw9E38zmZrV8yDLTfGud0kNdn+2cxrU98ou3Yaz/VLlOGt1HlvYxi718wAVnKKKGnlLPOIJz9a5NbLurPvPVCuXaTbxbVgPH9uwk4g=</latexit><latexit sha1_base64="8chO89Uhm5FOqXmLS3eKVd+xprk=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bis aB/Q1pKk0zo4TcJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3Lnjx4InynFec9bM7Nz8Qn6xsLS8srpWXN+oJ1EqA1YLIhHJpu8lTPCQ1RRXgjVjybyhL1jDvz7R8cYNkwmPwgs1illn6A1C3ueBp4i6bPeYUF7XsY9sp+x2iyWn7JhhTwM3AyVkox oVX9BGDxECpBiCIYQiLOAhoacFFw5i4joYEycJcRNnuEWBtCllMcrwiL2m74BmrYwNaa49E6MOaBVBrySljR3SRJQnCevVbBNPjbNmf/MeG0+9txH9/cxrSKzCFbF/6SaZ/9XpWhT6ODQ1cKopNoyuLshcUnMqeuf2l6oUOcTEadyjuCQcGOXknG2jSUzt+ mw9E38zmZrV8yDLTfGud0kNdn+2cxrU98ou3Yaz/VLlOGt1HlvYxi718wAVnKKKGnlLPOIJz9a5NbLurPvPVCuXaTbxbVgPH9uwk4g=</latexit><latexit sha1_base64="8chO89Uhm5FOqXmLS3eKVd+xprk=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bis aB/Q1pKk0zo4TcJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3Lnjx4InynFec9bM7Nz8Qn6xsLS8srpWXN+oJ1EqA1YLIhHJpu8lTPCQ1RRXgjVjybyhL1jDvz7R8cYNkwmPwgs1illn6A1C3ueBp4i6bPeYUF7XsY9sp+x2iyWn7JhhTwM3AyVkox oVX9BGDxECpBiCIYQiLOAhoacFFw5i4joYEycJcRNnuEWBtCllMcrwiL2m74BmrYwNaa49E6MOaBVBrySljR3SRJQnCevVbBNPjbNmf/MeG0+9txH9/cxrSKzCFbF/6SaZ/9XpWhT6ODQ1cKopNoyuLshcUnMqeuf2l6oUOcTEadyjuCQcGOXknG2jSUzt+ mw9E38zmZrV8yDLTfGud0kNdn+2cxrU98ou3Yaz/VLlOGt1HlvYxi718wAVnKKKGnlLPOIJz9a5NbLurPvPVCuXaTbxbVgPH9uwk4g=</latexit><latexit sha1_base64="8chO89Uhm5FOqXmLS3eKVd+xprk=">AAAC0XicjVLLSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bis aB/Q1pKk0zo4TcJkIpQiiFt/wK3+lPgH+hfeGVNQi+iEJGfOvefM3Lnjx4InynFec9bM7Nz8Qn6xsLS8srpWXN+oJ1EqA1YLIhHJpu8lTPCQ1RRXgjVjybyhL1jDvz7R8cYNkwmPwgs1illn6A1C3ueBp4i6bPeYUF7XsY9sp+x2iyWn7JhhTwM3AyVkox oVX9BGDxECpBiCIYQiLOAhoacFFw5i4joYEycJcRNnuEWBtCllMcrwiL2m74BmrYwNaa49E6MOaBVBrySljR3SRJQnCevVbBNPjbNmf/MeG0+9txH9/cxrSKzCFbF/6SaZ/9XpWhT6ODQ1cKopNoyuLshcUnMqeuf2l6oUOcTEadyjuCQcGOXknG2jSUzt+ mw9E38zmZrV8yDLTfGud0kNdn+2cxrU98ou3Yaz/VLlOGt1HlvYxi718wAVnKKKGnlLPOIJz9a5NbLurPvPVCuXaTbxbVgPH9uwk4g=</latexit>
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<latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ=">AAAC1nicjVHLSsNAFD2Nr1pfrS7dBIvgqiYi6LLoxmUF+4C 2lGQ6raF5kUyUUnQnbv0Bt/pJ4h/oX3hnnIJaRCckOXPuPWfm3uvGvpcKy3rNGXPzC4tL+eXCyura+kaxtNlIoyxhvM4iP0parpNy3wt5XXjC56044U7g+rzpjk5lvHnFk9SLwgsxjnk3cIahN/CYI4jqFUudKOBDp8f2NbB6xbJVsdQyZ4GtQRl61aLiCzroIwJ DhgAcIQRhHw5SetqwYSEmrosJcQkhT8U5blAgbUZZnDIcYkf0HdKurdmQ9tIzVWpGp/j0JqQ0sUuaiPISwvI0U8Uz5SzZ37wnylPebUx/V3sFxApcEvuXbpr5X52sRWCAY1WDRzXFipHVMe2Sqa7Im5tfqhLkEBMncZ/iCWGmlNM+m0qTqtplbx0Vf1OZkpV7pnMz vMtb0oDtn+OcBY2Dim1V7PPDcvVEjzqPbexgj+Z5hCrOUEOdvK/xiCc8Gy3j1rgz7j9TjZzWbOHbMh4+AGKLliA=</latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ=">AAAC1nicjVHLSsNAFD2Nr1pfrS7dBIvgqiYi6LLoxmUF+4C 2lGQ6raF5kUyUUnQnbv0Bt/pJ4h/oX3hnnIJaRCckOXPuPWfm3uvGvpcKy3rNGXPzC4tL+eXCyura+kaxtNlIoyxhvM4iP0parpNy3wt5XXjC56044U7g+rzpjk5lvHnFk9SLwgsxjnk3cIahN/CYI4jqFUudKOBDp8f2NbB6xbJVsdQyZ4GtQRl61aLiCzroIwJ DhgAcIQRhHw5SetqwYSEmrosJcQkhT8U5blAgbUZZnDIcYkf0HdKurdmQ9tIzVWpGp/j0JqQ0sUuaiPISwvI0U8Uz5SzZ37wnylPebUx/V3sFxApcEvuXbpr5X52sRWCAY1WDRzXFipHVMe2Sqa7Im5tfqhLkEBMncZ/iCWGmlNM+m0qTqtplbx0Vf1OZkpV7pnMz vMtb0oDtn+OcBY2Dim1V7PPDcvVEjzqPbexgj+Z5hCrOUEOdvK/xiCc8Gy3j1rgz7j9TjZzWbOHbMh4+AGKLliA=</latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ=">AAAC1nicjVHLSsNAFD2Nr1pfrS7dBIvgqiYi6LLoxmUF+4C 2lGQ6raF5kUyUUnQnbv0Bt/pJ4h/oX3hnnIJaRCckOXPuPWfm3uvGvpcKy3rNGXPzC4tL+eXCyura+kaxtNlIoyxhvM4iP0parpNy3wt5XXjC56044U7g+rzpjk5lvHnFk9SLwgsxjnk3cIahN/CYI4jqFUudKOBDp8f2NbB6xbJVsdQyZ4GtQRl61aLiCzroIwJ DhgAcIQRhHw5SetqwYSEmrosJcQkhT8U5blAgbUZZnDIcYkf0HdKurdmQ9tIzVWpGp/j0JqQ0sUuaiPISwvI0U8Uz5SzZ37wnylPebUx/V3sFxApcEvuXbpr5X52sRWCAY1WDRzXFipHVMe2Sqa7Im5tfqhLkEBMncZ/iCWGmlNM+m0qTqtplbx0Vf1OZkpV7pnMz vMtb0oDtn+OcBY2Dim1V7PPDcvVEjzqPbexgj+Z5hCrOUEOdvK/xiCc8Gy3j1rgz7j9TjZzWbOHbMh4+AGKLliA=</latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ=">AAAC1nicjVHLSsNAFD2Nr1pfrS7dBIvgqiYi6LLoxmUF+4C 2lGQ6raF5kUyUUnQnbv0Bt/pJ4h/oX3hnnIJaRCckOXPuPWfm3uvGvpcKy3rNGXPzC4tL+eXCyura+kaxtNlIoyxhvM4iP0parpNy3wt5XXjC56044U7g+rzpjk5lvHnFk9SLwgsxjnk3cIahN/CYI4jqFUudKOBDp8f2NbB6xbJVsdQyZ4GtQRl61aLiCzroIwJ DhgAcIQRhHw5SetqwYSEmrosJcQkhT8U5blAgbUZZnDIcYkf0HdKurdmQ9tIzVWpGp/j0JqQ0sUuaiPISwvI0U8Uz5SzZ37wnylPebUx/V3sFxApcEvuXbpr5X52sRWCAY1WDRzXFipHVMe2Sqa7Im5tfqhLkEBMncZ/iCWGmlNM+m0qTqtplbx0Vf1OZkpV7pnMz vMtb0oDtn+OcBY2Dim1V7PPDcvVEjzqPbexgj+Z5hCrOUEOdvK/xiCc8Gy3j1rgz7j9TjZzWbOHbMh4+AGKLliA=</latexit>
a
C1
<latexit sha1_base64="LebaZp7 iQvqEm/QXqwVhDAyB050=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8 +Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYHMSy63spD0 TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlC tO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEy c4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2Sa eGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctd MtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9 Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9Ww Iiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7 iQvqEm/QXqwVhDAyB050=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8 +Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYHMSy63spD0 TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlC tO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEy c4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2Sa eGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctd MtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9 Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9Ww Iiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7 iQvqEm/QXqwVhDAyB050=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8 +Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYHMSy63spD0 TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlC tO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEy c4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2Sa eGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctd MtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9 Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9Ww Iiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7 iQvqEm/QXqwVhDAyB050=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8 +Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYHMSy63spD0 TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlC tO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PLhwkxPVxR5wkJEy c4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2Sa eGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRTYhhdHctd MtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9 Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9Ww Iiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit>
C2
<latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm 3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFO EAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTt eiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFX U00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm 3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFO EAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTt eiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFX U00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm 3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFO EAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTt eiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFX U00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxn icjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm 3vFHf3WkmUSsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFO EAHhJ6unDhICauhxlxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTt eiMMSZqUFQTbFhdHUsc0lNV/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFX U00CTvER7xhGerboVWat19plq5TLOPb8t6+ACSEo/t</latexit>
U0/kBT = 35 10
<latexit sha1_base64="VUJ5 b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0 s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i /oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6 ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun 1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2 yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2Ad HSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqX EL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahR exfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9 TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqes mxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H 1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5 b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0 s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i /oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6 ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun 1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2 yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2Ad HSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqX EL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahR exfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9 TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqes mxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H 1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5 b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0 s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i /oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6 ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun 1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2 yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2Ad HSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqX EL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahR exfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9 TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqes mxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H 1JrIPcs4Nuw7t8Bw0maQQ==</latexit><latexit sha1_base64="VUJ5 b+d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0 s1gEVxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i /oH+hXfGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6 ZnZgtz89U0yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun 1zJJPWisKw6sTwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2 yzZYfZVtMT07Nqnskm0G6wdODorIx1FUeEYd54ggkCGARAhF2Ad HSk8NDmzExJ2hS1xCyDN1iR4myJuRSpKCE9umuUmrWs6GtNaZqX EL+otPb0JOhmXyRKRLCOu/MVPPTLJmf8vumky9tw593TwrIFahR exfvk/lf326F4UL7JgePOopNozuTuQpmTkVvXP2pStFCTFxGp9 TPSEsjPPznJnxpKZ3fbbc1F+NUrN6LXJthje9S7pg5+d19oPqes mxS87xZnFvP7/qMSxiCSt0n9vYwyGOUKHsazzgEU/WpXVj3Vp3H 1JrIPcs4Nuw7t8Bw0maQQ==</latexit>
dc
 0L
<latexit sha1_base64= "F0Wh64YdBNNcdAFoNUadmIhU14M=">AAACzXicjVH LSsNAFD2Nr1pfVZdugkVwVRIRdFl040Kwgn1gW8ok ndbgNAmTiVCqbv0Bt/pb4h/oX3hnTEEtohOSnDn3nj Nz7/ViESTKcV5z1szs3PxCfrGwtLyyulZc36gnUSp9 XvMjEcmmxxIugpDXVKAEb8aSs6EneMO7Ptbxxg2XS RCFF2oU886QDcKgH/hMEXXZ7nGhWNexT7vFklN2zLK ngZuBErJVjYovaKOHCD5SDMERQhEWYEjoacGFg5i4 DsbESUKBiXPcoUDalLI4ZTBir+k7oF0rY0Paa8/EqH 06RdArSWljhzQR5UnC+jTbxFPjrNnfvMfGU99tRH8v 8xoSq3BF7F+6SeZ/dboWhT4OTQ0B1RQbRlfnZy6p6 Yq+uf2lKkUOMXEa9yguCftGOemzbTSJqV33lpn4m8n UrN77WW6Kd31LGrD7c5zToL5Xdp2ye75fqhxlo85j C9vYpXkeoIITVFEj7xCPeMKzdWal1q11/5lq5TLNJr 4t6+EDugiSwA==</latexit><latexit sha1_base64= "F0Wh64YdBNNcdAFoNUadmIhU14M=">AAACzXicjVH LSsNAFD2Nr1pfVZdugkVwVRIRdFl040Kwgn1gW8ok ndbgNAmTiVCqbv0Bt/pb4h/oX3hnTEEtohOSnDn3nj Nz7/ViESTKcV5z1szs3PxCfrGwtLyyulZc36gnUSp9 XvMjEcmmxxIugpDXVKAEb8aSs6EneMO7Ptbxxg2XS RCFF2oU886QDcKgH/hMEXXZ7nGhWNexT7vFklN2zLK ngZuBErJVjYovaKOHCD5SDMERQhEWYEjoacGFg5i4 DsbESUKBiXPcoUDalLI4ZTBir+k7oF0rY0Paa8/EqH 06RdArSWljhzQR5UnC+jTbxFPjrNnfvMfGU99tRH8v 8xoSq3BF7F+6SeZ/dboWhT4OTQ0B1RQbRlfnZy6p6 Yq+uf2lKkUOMXEa9yguCftGOemzbTSJqV33lpn4m8n UrN77WW6Kd31LGrD7c5zToL5Xdp2ye75fqhxlo85j C9vYpXkeoIITVFEj7xCPeMKzdWal1q11/5lq5TLNJr 4t6+EDugiSwA==</latexit><latexit sha1_base64= "F0Wh64YdBNNcdAFoNUadmIhU14M=">AAACzXicjVH LSsNAFD2Nr1pfVZdugkVwVRIRdFl040Kwgn1gW8ok ndbgNAmTiVCqbv0Bt/pb4h/oX3hnTEEtohOSnDn3nj Nz7/ViESTKcV5z1szs3PxCfrGwtLyyulZc36gnUSp9 XvMjEcmmxxIugpDXVKAEb8aSs6EneMO7Ptbxxg2XS RCFF2oU886QDcKgH/hMEXXZ7nGhWNexT7vFklN2zLK ngZuBErJVjYovaKOHCD5SDMERQhEWYEjoacGFg5i4 DsbESUKBiXPcoUDalLI4ZTBir+k7oF0rY0Paa8/EqH 06RdArSWljhzQR5UnC+jTbxFPjrNnfvMfGU99tRH8v 8xoSq3BF7F+6SeZ/dboWhT4OTQ0B1RQbRlfnZy6p6 Yq+uf2lKkUOMXEa9yguCftGOemzbTSJqV33lpn4m8n UrN77WW6Kd31LGrD7c5zToL5Xdp2ye75fqhxlo85j C9vYpXkeoIITVFEj7xCPeMKzdWal1q11/5lq5TLNJr 4t6+EDugiSwA==</latexit><latexit sha1_base64= "F0Wh64YdBNNcdAFoNUadmIhU14M=">AAACzXicjVH LSsNAFD2Nr1pfVZdugkVwVRIRdFl040Kwgn1gW8ok ndbgNAmTiVCqbv0Bt/pb4h/oX3hnTEEtohOSnDn3nj Nz7/ViESTKcV5z1szs3PxCfrGwtLyyulZc36gnUSp9 XvMjEcmmxxIugpDXVKAEb8aSs6EneMO7Ptbxxg2XS RCFF2oU886QDcKgH/hMEXXZ7nGhWNexT7vFklN2zLK ngZuBErJVjYovaKOHCD5SDMERQhEWYEjoacGFg5i4 DsbESUKBiXPcoUDalLI4ZTBir+k7oF0rY0Paa8/EqH 06RdArSWljhzQR5UnC+jTbxFPjrNnfvMfGU99tRH8v 8xoSq3BF7F+6SeZ/dboWhT4OTQ0B1RQbRlfnZy6p6 Yq+uf2lKkUOMXEa9yguCftGOemzbTSJqV33lpn4m8n UrN77WW6Kd31LGrD7c5zToL5Xdp2ye75fqhxlo85j C9vYpXkeoIITVFEj7xCPeMKzdWal1q11/5lq5TLNJr 4t6+EDugiSwA==</latexit>
b
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0
<latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ="></latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ="></latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ="></latexit><latexit sha1_base64="bjM34Rb5vB4jh+8C05Y2QdS6wAQ="></latexit>
U0/kBT = 35 10
<latexit sha1_base64="VUJ5b +d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s1gE VxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hX fGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0 yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6s TwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqn skm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCy DN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb0JOhmXyRKRLCO u/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOop NozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NU rN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyG OUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexi t><latexit sha1_base64="VUJ5b +d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s1gE VxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hX fGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0 yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6s TwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqn skm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCy DN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb0JOhmXyRKRLCO u/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOop NozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NU rN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyG OUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexi t><latexit sha1_base64="VUJ5b +d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s1gE VxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hX fGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0 yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6s TwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqn skm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCy DN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb0JOhmXyRKRLCO u/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOop NozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NU rN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyG OUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexi t><latexit sha1_base64="VUJ5b +d0fzGl+iFSFGFA3kOZlvM=">AAAC6HicjVHLSsNAFD3G97vq0s1gE VxITXygG0F041KhrUIrZTKObWxeJBOhlH6AO3fi1h9wq18i/oH+hX fGCGoRnZDJmXPPOZk748a+lyrbfhmwBoeGR0bHxicmp6ZnZgtz89U0 yhIhKyLyo+TU5an0vVBWlKd8eRonkgeuL0/c9oGun1zJJPWisKw6s TwLeDP0LjzBFVGNQrEecNUS3O9Weg17rd3YZ2W2yzZYfZVtMT07Nqn skm0G6wdODorIx1FUeEYd54ggkCGARAhF2AdHSk8NDmzExJ2hS1xCy DN1iR4myJuRSpKCE9umuUmrWs6GtNaZqXEL+otPb0JOhmXyRKRLCO u/MVPPTLJmf8vumky9tw593TwrIFahRexfvk/lf326F4UL7JgePOop NozuTuQpmTkVvXP2pStFCTFxGp9TPSEsjPPznJnxpKZ3fbbc1F+NU rN6LXJthje9S7pg5+d19oPqesmxS87xZnFvP7/qMSxiCSt0n9vYwyG OUKHsazzgEU/WpXVj3Vp3H1JrIPcs4Nuw7t8Bw0maQQ==</latexi t>
numerics, pump
+1
2
<latexit sha1_base64="b1AUSD9qLcuqtbmXt4T3+fSzSkU=">AAAC33icjVLLSsNAFD2Nr1pfUXe6CRbFVUmKoMuiG5cV7APaUpLptI bmRTIRShHcuRO3/oBb/RvxD/QvvDOmohbRCUnOnHvPmblzx4k8NxGm+ZLTZmbn5hfyi4Wl5ZXVNX19o56Eacx4jYVeGDcdO+GeG/CacIXHm1HMbd/xeMMZnsh445LHiRsG52IU8Y5vDwK37zJbENXVt/YMs2SaZaPdLij4iayuXpQhOYxpYGWgiGxUQ/0ZbfQQgiGFD44AgrAHGwk9L VgwERHXwZi4mJCr4hxXKJA2pSxOGTaxQ/oOaNbK2IDm0jNRakarePTGpDSwS5qQ8mLCcjVDxVPlLNnfvMfKU+5tRH8n8/KJFbgg9i/dJPO/OlmLQB9HqgaXaooUI6tjmUuqTkXu3PhSlSCHiDiJexSPCTOlnJyzoTSJql2era3irypTsnLOstwUb3KX1GDrZzunQb1csug2nB0UK8dZ q/PYxg72qZ+HqOAUVdTI+xoPeMSTZms32q1295Gq5TLNJr4N7f4dSqmVBQ==</latexit><latexit sha1_base64="b1AUSD9qLcuqtbmXt4T3+fSzSkU=">AAAC33icjVLLSsNAFD2Nr1pfUXe6CRbFVUmKoMuiG5cV7APaUpLptI bmRTIRShHcuRO3/oBb/RvxD/QvvDOmohbRCUnOnHvPmblzx4k8NxGm+ZLTZmbn5hfyi4Wl5ZXVNX19o56Eacx4jYVeGDcdO+GeG/CacIXHm1HMbd/xeMMZnsh445LHiRsG52IU8Y5vDwK37zJbENXVt/YMs2SaZaPdLij4iayuXpQhOYxpYGWgiGxUQ/0ZbfQQgiGFD44AgrAHGwk9L VgwERHXwZi4mJCr4hxXKJA2pSxOGTaxQ/oOaNbK2IDm0jNRakarePTGpDSwS5qQ8mLCcjVDxVPlLNnfvMfKU+5tRH8n8/KJFbgg9i/dJPO/OlmLQB9HqgaXaooUI6tjmUuqTkXu3PhSlSCHiDiJexSPCTOlnJyzoTSJql2era3irypTsnLOstwUb3KX1GDrZzunQb1csug2nB0UK8dZ q/PYxg72qZ+HqOAUVdTI+xoPeMSTZms32q1295Gq5TLNJr4N7f4dSqmVBQ==</latexit><latexit sha1_base64="b1AUSD9qLcuqtbmXt4T3+fSzSkU=">AAAC33icjVLLSsNAFD2Nr1pfUXe6CRbFVUmKoMuiG5cV7APaUpLptI bmRTIRShHcuRO3/oBb/RvxD/QvvDOmohbRCUnOnHvPmblzx4k8NxGm+ZLTZmbn5hfyi4Wl5ZXVNX19o56Eacx4jYVeGDcdO+GeG/CacIXHm1HMbd/xeMMZnsh445LHiRsG52IU8Y5vDwK37zJbENXVt/YMs2SaZaPdLij4iayuXpQhOYxpYGWgiGxUQ/0ZbfQQgiGFD44AgrAHGwk9L VgwERHXwZi4mJCr4hxXKJA2pSxOGTaxQ/oOaNbK2IDm0jNRakarePTGpDSwS5qQ8mLCcjVDxVPlLNnfvMfKU+5tRH8n8/KJFbgg9i/dJPO/OlmLQB9HqgaXaooUI6tjmUuqTkXu3PhSlSCHiDiJexSPCTOlnJyzoTSJql2era3irypTsnLOstwUb3KX1GDrZzunQb1csug2nB0UK8dZ q/PYxg72qZ+HqOAUVdTI+xoPeMSTZms32q1295Gq5TLNJr4N7f4dSqmVBQ==</latexit><latexit sha1_base64="b1AUSD9qLcuqtbmXt4T3+fSzSkU=">AAAC33icjVLLSsNAFD2Nr1pfUXe6CRbFVUmKoMuiG5cV7APaUpLptI bmRTIRShHcuRO3/oBb/RvxD/QvvDOmohbRCUnOnHvPmblzx4k8NxGm+ZLTZmbn5hfyi4Wl5ZXVNX19o56Eacx4jYVeGDcdO+GeG/CacIXHm1HMbd/xeMMZnsh445LHiRsG52IU8Y5vDwK37zJbENXVt/YMs2SaZaPdLij4iayuXpQhOYxpYGWgiGxUQ/0ZbfQQgiGFD44AgrAHGwk9L VgwERHXwZi4mJCr4hxXKJA2pSxOGTaxQ/oOaNbK2IDm0jNRakarePTGpDSwS5qQ8mLCcjVDxVPlLNnfvMfKU+5tRH8n8/KJFbgg9i/dJPO/OlmLQB9HqgaXaooUI6tjmUuqTkXu3PhSlSCHiDiJexSPCTOlnJyzoTSJql2era3irypTsnLOstwUb3KX1GDrZzunQb1csug2nB0UK8dZ q/PYxg72qZ+HqOAUVdTI+xoPeMSTZms32q1295Gq5TLNJr4N7f4dSqmVBQ==</latexit>
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FIG. 6. Resonance frequency of active osmosis as
a function of the barrier strength U0/kBT (a) Osmotic
pump geometry and parameters; (b) Apparent rejection co-
efficient σapp calculated from simulations with respect to the
forcing frequency ω for different values of the asymmetry pa-
rameter δ0, U0/kBT = 10 and  = 1.0. (c) and (d) Resonance
frequency ωc with respect to the forcing strength U0/kBT at
different δ0 (same color scale for both graphs) and  = 0.5, for
the sink and the pump geometries. Analytical curves are ob-
tained from the expansion discussed in the main text. A scal-
ing law with slope ωc/ω0 ∝ U0/kBT is indicated in gray. Val-
ues for the concentrations are C2 = 1.82C0 and C1 = 0.18C0
in the pump configuration with δ0 < 0.5, and vice-versa for
the sink configuration.
of ωc on δ0 is expected to saturate from Eq. (33), and
this is clearly observable in Fig. 7. In the intermedi-
ate regimes, more entangled dynamics are involved that
may in particular require the introduction of other rele-
vant time scales for the system. We leave investigation
of these more complex dynamics for future work.
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FIG. 7. Resonance frequency of the active osmotic
barrier with respect to its asymmetry δ0: (a) pump-
ing configuration with C1 < C2 (here C2 = 1.82C0 and
C1 = 0.18C0); and (b) sink configuration with C1 > C2 (here
C1 = 1.82C0 and C2 = 0.18C0). In both panels, the reso-
nance frequency ωc is plotted with respect to the asymme-
try parameter δ0, at different forcing strengths u0 = U0/kBT
(same color scale for both graphs), for the sink and the pump
geometries. Numerical and analytical data are for  = 0.5. A
scaling law with slope ωc/ω0 ∝ δ−20 is indicated in gray.
Eq. (33) provides a simplistic understanding of the dy-
namics involved and demonstrates that active osmotic
flow may be strongly impacted by the specificities of the
membrane in terms of asymmetry and solute interaction
strength. Note that the amplitude of the resonance may
also be tuned with the different parameters at hand. As
a rule of thumb, the greater the asymmetry (so for large
values of the potential strength U0/kBT or small values
of δ0), the greater the resonance.
V. ENERGETIC EFFICIENCY OF ACTIVE OSMOTIC
PUMPING
In the context of filtration it is of utmost relevance to
quantify the efficiency of the active osmotic process, and
eventually compare it to other more common filtration
processes. We consider the active osmosis (AO) con-
figuration in a geometry similar to Fig. 8-a, where the
lateral reservoirs are closed and therefore the fluid flow
Q = 0. When the membrane is dynamically activated –
e.g. when the barrier U(x, t) is oscillated – the average
power spent writes (fully dimensionalized)34
PAO = 1
T
∫ T
0
dt
∫ Lδ1
−Lδ0
Sdx c(x, t)
∂U(x, t)
∂t
(35)
where T = 2pi/ω and S is the total accessible surface
where the potential is exerted on the solute. The useful
power generated by active osmosis corresponds to the
chemical potential change of solute driven from one side
to the other, which writes
PAOu = 〈J〉SkBT ln
C2
C1
. (36)
Therefore the efficiency of the active osmotic process is
simply
ηAO =
PAOu
PAO . (37)
We show in Fig. 8-c the efficiency of the active osmotic
process as a function of the oscillation frequency ω, for
a set of parameters, varying only the membrane interac-
tion strength U0. We find that the efficiency reaches a
maximum (here up to ηAO ' 0.8) for a given value of the
frequency, say ωη. Remarkably, ωη is significantly higher
than the resonance frequency ωc. In fact although the
energy recovered PAOu is indeed maximal for ω = ωc, the
energy expense PAO is monotonically decreasing with ω.
This can be understood from the fact that at large fre-
quencies solute has less time to diffuse around and there-
fore the energy expense to drive solute from a point to
another is smaller. Furthermore, the maximal efficiency
ηAO(ωη) strongly depends on the parameters of the sys-
tem (δ0, ∆c, U0). Although we do not carry here an in-
depth study of these dependencies, we simply note that
typically there is an optimal value for the membrane in-
9teraction strength U0. When U0  kBT there is almost
no pumping flux; conversely, when U0  kBT more en-
ergy than needed is spent to drive the solute.
We now compare the active osmotic process to a pro-
totypical filtration process: reverse osmosis, depicted in
Fig. 8-b. The reverse osmosis process similarly consists
of two fluid reservoirs containing solvent and solute in
concentration C1 > C2. The reservoirs are separated
by a membrane which is permeable to the solvent alone
(equivalent to a very large static barrier U(x, t), with
U0 & 10kBT ). An operator applies a pressure in order to
impose a reverse osmosis flow rate Q. The useful power
extracted from the process corresponds to the reduction
in mixing entropy of the system and writes
PROu = Q(C1 − C2)kBT. (38)
Note that this expression is not the same as for the AO
process eq. 36, which only involves transport of solute
and no flow of solvent. To compute the thermodynamic
efficiency we now need to estimate the power that is dissi-
pated. Without yet considering any physical membrane,
the system necessarily dissipates energy through the fric-
tion of the solvent on the solute. Indeed, as solvent passes
from the left reservoir to the right, it leaves behind the
solute it contains, which gives rise to a relative velocity
between the solvent and the solute particles. If we denote
L the characteristic thickness of the membrane and S its
surface area, then each solute particle generates on the
solvent a friction force equal to µQ/S, where µ = DkBT is
the mobility of the solute. Since there are C1LS immo-
bile solute particles, and the solvent moves with speed
QS, the power dissipated through friction is
PROf =
C1L
µS
Q2 (39)
If we now assume that the solvent has to pass through n
physical channels of circular cross-section area s = pir2
(we assume S = ns), then we have to take into account
the power dissipated through the hydrodynamic resis-
tance of the channels, Rh = 8piηL/s
2, where η is the
viscosity of the solvent (assuming a no-slip boundary con-
dition at the walls). The dissipated power reads
PROh = nRh(Q/n)2 = 8piηL
Q2
ns2
. (40)
We have in fact estimated the hydrodynamic permeabil-
ity Lhyd of the RO membrane:
PROf + PROh ≡
1
Lhyd
Q2
S
, (41)
with
L−1hyd =
s
8piηL
+
C1L
µ
. (42)
Although this result relies on a model of discrete pores, it
yields an estimate which agrees very well with the values
reported for state-of-the-art RO polymeric membranes35,
when evaluated for nanometre-sized pores.
We may now compute the thermodynamic efficiency of
the reverse osmosis process as
ηRO =
PROu
PROu + PROf + PROh
(43)
and expanding
ηRO =
1
1 +
L
D
C1
C1 − C2
Q
S
+
8piη
(C1 − C2)kBT
L
s
Q
S
. (44)
As expected, the efficiency equals 1 for vanishing flow
rate Q; however, it decreases at increasing flow rates.
To compare the two processes, we require that they
generate the same useful power. For a given AO current
〈J〉, this sets the RO flow rateQ as S〈J〉 ln(C2/C1)/(C2−
C1). Substituting in eq. (44) yields:
ηRO =
1
1 +
L〈J〉
Dc0
( c0
∆C
)2
ln
C2
C1
(
C1
c0
+
4
3piar2c0
) (45)
where we made use of Einstein’s relation D = kBT/6piηa
with a the molecular size of the solute. From Eq. (45), it
is clear that RO becomes inefficient in the limit of very
small pore sizes, where the hydrodynamic resistance is
significant. Interestingly, it also shows that the efficiency
is a decreasing function of 〈J〉, while the efficiency of AO
is maximal around the highest values of 〈J〉. Therefore,
we expect RO to be inefficient at the fluxes where AO is
at its peak efficiency. This can be seen in particular in
Fig. 8-c where we show the efficiency of both processes.
We compare in Fig. 8-d the efficiency of the reverse os-
mosis ηRO and the active osmosis ηAO processes for the
optimal value of U0 at different forcing frequencies ω. The
results indeed show that there exists a broad range of pa-
rameters (for example nearly all concentrations c0 . 1 M
and r = 1 nm) where the active osmotic process is more
efficient (and even up to 100 times more efficient) than
the reverse osmosis process. This is extremely encour-
aging for filtration applications with active membranes.
Furthermore, from a more fundamental point of view, it
is fascinating to see how it is possible to bypass the limi-
tations of filtration across static membranes by injecting
energy at the scale of membrane pores (and not at a
macroscopic scale as is the case with reverse osmosis).
To some extent this echoes the “apparent second prin-
ciple breaking” in active matter (with active particles,
self-spinners and so on36,37), where energy is also being
consumed at the very local scale. In this strongly out-
of-equilibrium regime, the principles underlying osmosis
and selectivity can bypass the simple ’trade-off’ picture
of separation and has therefore a great potential for new
separation methodologies.
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FIG. 8. Efficiency of active osmosis versus reverse os-
mosis. (a) Active osmosis with oscillating asymmetric barrier
and fixed reservoir volumes. (b) Reverse osmosis counterpart,
where a large external pressure is applied on one reservoir,
driving solvent flow through pores impermeable to the solute.
(c) Efficiency of both processes under the conditions where
the thermodynamic collected energy is the same in both cases
(solid lines, active osmotic pumping as defined by Eq. (37) and
calculated from simulations with δ0 = 0.9,  = 1 in the pump
geometry with C1 = 1.82c0 and C2 = 0.18c0; dashed lines,
reverse osmosis as defined by Eq. (45), with r = 10nm and
c0 = 0.001M). The corresponding resonant osmotic frequency
for the range of parameters used is indicated with a gray bar.
(d) Efficiency of active osmosis as compared to reverse osmo-
sis, as calculated from simulations with same parameters as
in (c), U0/kBT = 8 and molecular size a = 1A˚; for different
values of r and c0 (here translated in mol/L). The efficiency
zone corresponds to active osmotic pumping being more effi-
cient than reverse osmosis.
VI. CONCLUSION
To summarize, we draw here a first picture to un-
derstand osmosis across active membranes, or out-of-
equilibrium osmosis. We provide a robust model to de-
scribe and account for the osmotic pressure as a function
of the typical oscillating frequency of the membrane dy-
namics. Remarkably, this kinetic model shows that os-
motic flow through the membrane is still described by
the Kedem-Katchalsky transport equations as38,39
〈Q〉 = −Lhyd (∆p− σappkBT∆C) , (46)
where σapp is an apparent rejection coefficient that takes
into account the specifics of the membrane and its dy-
namics. The solute flow (neglecting convection) may also
be written
〈J〉 = −D
L
ωapp∆C (47)
where ωapp still verifies the fundamental reciprocal rela-
tion ωapp = 1 − σapp. However all coefficients are now
complex functions of the frequency of the active mem-
brane.
Our model clarifies the underlying principles of active
osmosis. In particular, we have rationalized that at very
low frequencies a dynamic membrane (e.g. pore opening
and closing) behaves as an apparently more permeable
membrane; whereas at very large frequencies a dynamic
membrane behaves as an apparently static membrane.
In the intermediate regime, very interesting functionali-
ties may be achieved, provided the membrane has some
asymmetry: resonant pumping or sink, with a variety of
tuneable features. Interestingly, active osmosis may be
easily connected to potential ratchets and intuition from
this field may be translated to the description of active
osmosis. Finally, we demonstrate that in nanofiltration
processes active osmosis may outperform reverse osmosis
in terms of energetic efficiency.
The model considered here is simple and provides a
basis to study a number of effects. For example we ex-
pect (see Fig. 10 in Appendix C) that asymmetry not
just in space but also in time, e.g. how fast the bar-
rier is activated up versus down, may lead to more in-
teresting regimes. Going further, a number of details at
the nanoscale could be accounted for, so as to provide a
more systematic and thorough description of nanofiltra-
tion across membranes: this includes, for instance, elec-
trostatic effects or surface interactions. The impact of
noise (of the membrane interaction potential15, or due to
the small number of solutes in the channel40,41) on os-
motic pressure is expected to be relevant at these scales
and has to be explored. Such extensions will be the sub-
ject of future work. However the main generic features of
active osmosis are expected to be captured by the present
model.
Overall, our model, even simplistic, provides a num-
ber of rules of thumb to design active membrane, e.g.
in terms of the asymmetry of the membrane or the
typical frequency range at play. In practice composite
membranes with tuneable sieving properties, for exam-
ple gated by applied voltage, are a natural lead to ex-
plore the fabrication of such active membranes. Active
osmosis through dynamic membranes has a considerable
potential to broaden the current paradigm of filtration,
building the basis for advanced filtration devices and ar-
tificial ionic machinery.
11
ACKNOWLEDGEMENTS
L.B. acknowledges funding from the EU H2020 Frame-
work Programme/ERC Advanced Grant agreement num-
ber 785911-Shadoks.
APPENDIX
Appendix A : Explicit solution of the triangular profile
barrier
Triangular profile
We assume that the potential is piece-wise linear, i.e.
φ(x) = 1 +
x
δ0
for − δ0 < x < 0
φ(x) = 1− x
δ1
for 0 < x < δ1
such that the force γ = −∂xφ = −1/δ0 (resp. +1/δ1) for
x < 0 (resp. x > 0). Eq. (11) reduces to
jωδc1(x) =∂xxδc1(x)− u0γ∂xδc1(x) − γ∂xf(x), (48)
where we introduced f(x) = u0c(x). The average con-
centration c(x) is easily computed as, for x < 0
c(x) = (1−∆c)e−u0(1+x/δ0) + ∆c
[
δ0
e−u0(1+x/δ0) − 1
(eu0 − 1)
]
(49)
and for x > 0:
c(x) = e−u0(1−x/δ1) −∆c
[
δ1
e−u0(1−x/δ1) − 1
(eu0 − 1)
]
(50)
Eq. (48)e and a full expansion at second order for c(x)
can be readily calculated. The osmotic pressure can
be deduced accordingly. On the left domain or x < 0,
Eq. (48) can be rewritten
∂xxδc1(x) +
u0
δ0
∂xδc1(x)− jωδc1(x) = − 1
δ0
∂xf(x), (51)
and on the right domain:
∂xxδc1(x)− u0
δ1
∂xδc1(x)− jωδc1(x) = 1
δ1
∂xf(x). (52)
Expression of δc1
Let us introduce
λL± =
1
2
−u0
δ0
±
√(
u0
δ0
)2
+ 4jω
 (53)
λR± =
1
2
u0
δ1
±
√(
u0
δ1
)2
+ 4jω
 (54)
The solution for Eq.(48) then writes, for x < 0
δc1(x) =αLe
λL−x + βLe
λL+x
+
eλ
L
−x√(
u0
δ0
)2
+ 4jω
∫ x
0
dx′ e−λ
L
−x
′
(∂xf)(x
′)
− e
λL+x√(
u0
δ0
)2
+ 4jω
∫ x
0
dx′ e−λ
L
+x
′
(∂xf)(x
′)
(55)
and for x > 0
δc1(x) =αRe
λR−x + βRe
λR+x
− e
λR−x√(
u0
δ1
)2
+ 4jω
∫ x
0
dx′ e−λ
R
−x
′
(∂xf)(x
′)
+
eλ
R
+x√(
u0
δ1
)2
+ 4jω
∫ x
0
dx′ e−λ
R
+x
′
(∂xf)(x
′).
(56)
Boundary conditions
The boundary conditions are δc(x = −δ0) = δc(x =
δ1) = 0. This imposes
0 =αLe
−λL−δ0 + βLe−λ
L
+δ0
+
e−λ
L
−δ0√(
u0
δ0
)2
+ 4jω
∫ −δ0
0
dx′ e−λ
L
−x
′
(∂xf)(x
′)
− e
−λL+δ0√(
u0
δ0
)2
+ 4jω
∫ −δ0
0
dx′ e−λ
L
+x
′
(∂xf)(x
′) (57)
and
0 =αRe
λR−δ1 + βRe
λR+δ1
− e
λR−δ1√(
u0
δ1
)2
+ 4jω
∫ δ1
0
dx′ e−λ
R
−x
′
(∂xf)(x
′)
+
eλ
R
+δ1√(
u0
δ1
)2
+ 4jω
∫ δ1
0
dx′ e−λ
R
+x
′
(∂xf)(x
′) (58)
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with f(x) = +u0c(x).
Two more subtle conditions are continuity conditions
at x = 0. The continuity of the concentration imposes
δc1(0
−) = δc1(0+), so that
αR + βR = αL + βL (59)
The condition for the continuity of the (first order) flux
can be obtained by integrating Eq. (48) between x = 0−
and x = 0+, which imposes
∂xδc1(0
+)− u0
δ0
δc1(0
+)− u0
δ0
c(0)
= ∂xδc1(0
−) +
u0
δ1
δc1(0
−) +
u0
δ1
c(0) (60)
After calculating the terms ∂xδc1(0
−) = λL−αL + λ
L
+βL
and ∂xδc1(0
+) = λR−αR + λ
R
+βR, one deduces the conti-
nuity equation
−λL+αL + λR+αR − λL−βL + λR−βR = −u0
[
1
δ0δ1
]
c(0)
(61)
where we used the expressions of the λ’s to simplify
things.
Full Solution
The system of Eqs. (57), (58), (59), (61) can be solved
to obtain the explicit expressions for α±(ω), β±(ω) as
a function of frequency and potential parameters. We
don’t provide the full expressions here, since they are
highly cumbersome. We investigate the results in the
main text on several limiting situations.
Appendix B : Numerical simulation details
The Smoluchowski equations are solved with a finite
difference scheme over 6 orders of magnitude of ω/ω0 and
various other parameters. To ensure global convergence,
we perform a Crank-Nicholson scheme and are especially
careful that advection only carries upstream solute. The
time step and space discretization were chosen such that
any reduction of either one (e.g. by a factor 2) leads to no
significant numerical difference in the results. The initial
concentration profile corresponds to the static barrier for
 = 0. As we seek averages over the oscillating process,
we look for the average of the osmotic pressure over five
periods. When the simulation of an extra period will
not change the osmotic pressure by a significant amount,
the initial conditions are forgotten and the result is con-
verged.
In the simulations time is nondimensionalized by ω
such that typical simulations will roughly take the same
time to run. Note that for very large frequencies, the re-
laxation from the initial conditions is much slower as the
allowed flux is much smaller, and therefore simulations
where run for longer times in the that case.
The critical frequency at which the process is resonant
corresponds to the frequency at which the osmotic reflec-
tion coefficient is maximum or minimum. As the simu-
lation provides the osmotic reflection coefficient at only
discrete values of the frequency ω we perform a fit on
a very narrow region around the maximum (resp. min-
imum; with a 4th order standard polynomial fit to ac-
count for peak slight distortion) and obtain the critical
frequency from this fit. For each fit the agreement with
the simulation data is thoroughly asserted such that the
critical frequency obtained is a reliable value.
Appendix C : Toy model for the asymmetric potential
profile
We consider a time-dependent triangular potential,
with a spatial extension similar to the previous analy-
sis, i.e.
φ(x) = 1 +
x
δ0
for − δ0 < x < 0
φ(x) = 1− x
δ1
for 0 < x < δ1 (62)
(63)
where x is the dimensionless coordinate (in units of the
membrane width, say L); δ0, δ1 are in dimension of L
(δ0 + δ1 = 1).
But we now consider a simplified time-dependence,
where this triangular potential is periodically ON/OFF
for time-lapse with period T :
U(x, t) = U0 × f(t)× φ(x) (64)
with f(t) = 0 for t ∈ [kT ; k(T + τ1)] and f(t) = 1 for
t ∈ [k(T + τ1); (k + 1)T ], with k = E(t/T ), an integer.
Note that t is here in units of τ0 = L
2/D the diffusion
time-scale.
Boundary conditions for the concentration in the reser-
voirs are: C1 for x < −δ0 and C2 for x > δ1.
We will make several simplifying assumptions to ob-
tain work out the model and obtain tractable results.
First we assume that at the ON period, with duration
τ2 = T − τ1 is sufficiently long so that particles reach an
equilibrium state in the potential. This “re-initializes”
the problem after each period T . Second we wil assume
that the energy barrier U0 is very large, so that no parti-
cle can cross when the potential is on. Also such a high
potential will basically confine particles for x < −δ0 and
x > δ1; i.e. we neglect the extension of the equilibrium
density profile in the region [−δ0; δ1] when the potential
is ON.
Under these simplified assumptions, some interesting
predictions can be obtained. We recall that the solution
for free diffusion with initial condition c(x, t = 0) = Θ(x)
(Heaviside) and boundary conditions c(x = 0, t) = 1,
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c(x→∞, t) = 0 is
c(x, t) = ψ
[
x
2
√
t
]
(65)
with
ψ(x) =
[
1− 1
2
(1 + Erf(x)) +
1
2
(1 + Erf(−x))
]
(66)
Accordingly, once the potential is released (ON→ OFF
period), one may simplify the solution for the concentra-
tion by superposing diffusion from the two reservoirs into
the membrane:
C(x, t) = C1 × ψ
[
x+ δ0
2
√
t
]
+ C2 × ψ
[
δ1 − x
2
√
t
]
(67)
The flux is defined as the number of particles which
cross the barrier maximum at x = 0 in the OFF period.
Indeed, once the potential is back to ON, the particle for
x > 0 will be carried on to the right, while the particles
for x < 0 will be carried on to the left. Then the flux is
accordingly defined as
〈J〉 = 1
T
× (NR −NL) (68)
with
NR =
∫ δ1
0
dxC1 × ψ
[
x+ δ0
2
√
τ1
]
NL =
∫ 0
−δ0
dxC2 × ψ
[
δ1 − x
2
√
τ1
]
(69)
i.e. the number of particles which have crossed x = 0
(from left to right, or right to left) at the time τ1.
Let us introduce Ψ(x) =
∫ x
0
ψ(x)dx. One may calcu-
late:
Ψ(x) =
1− e−x2√
pi
+ x (1− Erf(x)) (70)
Then the flux (in units of D/L) is
〈J〉 = 1
T
×2√τ1 ×
[
C1 ×
(
Ψ
(
1
2
√
τ1
)
−Ψ
(
δ0
2
√
τ1
))
− C2 ×
(
Ψ
(
1
2
√
τ1
)
−Ψ
(
δ1
2
√
τ1
))]
(71)
The characteristic frequency is ω0 = 2pi/τ0. Then T =
2pi/ω and τ1 = α× 2pi/ω.
Now we rewrite the expression in terms of frequency,
ω = 2pi/T . Writing τ1 = αT (with α the fraction of time
with OFF potential), one obtains the flux in units of L/D
as
〈J〉 L
D
=2
√
αω
ω0
×
[
...
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FIG. 9. Toy model of resonant osmosis (a) Schematic
showing the geometry relevant for pumping, with a steep
energy barrier near the low concentration, C2 > C1 and
δ0 < 0.5. (b) Schematic showing the opposite geometry
C2 > C1 but δ0 > 0.5. (c) and (d) Simulated (orange lines)
and analytic (black lines) results for the effective normalized
flux 〈J〉(ω) Eq. 72 and (e) and (f) apparent osmotic pres-
sure ∆Πapp(ω) Eq. 74. The results are plotted for δ0 = 0.1
in the pumping geometry and δ0 = 0.9 in the sink geome-
try, C1 = 0.1, C2 = 1.0; and in the numerical computation
U0 = 10kBT . The couple of red arrows indicates regimes
where pumping is seen, and the ON-OFF times are kept equal
α = 0.5.
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The osmotic pressure is accordingly defined as
∆Π = kBT [C2 − C1] + kBT
D
× L× 〈J〉 (73)
(with L = δ0 + δ1) and the apparent rejection coefficient
is
σapp[ω,C1, C2] = 1 +
L
D
× 〈J〉
C2 − C1 (74)
The frequency dependent flux and osmotic rejection
coefficient are plotted in Fig. 9, with several interesting
features. First a resonance is clearly observed. What is
remarkable is that (i) a pump behavior is observed (left
14
panels, : J > 0 while C2 > C1) and (ii) a change of sign is
observed for the osmotic rejection coefficient. The latter
means that one can tune the sign of the osmotic pressure
and it can even be made vanish for a given frequency!
Finally, note that the tow model is a very good proxy to
build insight on the effect of asymmetric barriers not just
in space but also in time. In Fig. 10 we show how asym-
metry in time dramatically impacts solute flux around
the resonance frequency. We observe that the longer the
barrier is OFF, the more solute is pumped (or is sunk).
This makes sense considering that the longer the bar-
rier is OFF, the more solute can actually go past the the
barrier peak. To improve our insight on these different
regimes further computations have to be done that we
leave for future work.
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<latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjV HLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmU SsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhx lxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lN V/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TL OPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjV HLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmU SsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhx lxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lN V/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TL OPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjV HLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmU SsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhx lxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lN V/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TL OPb8t6+ACSEo/t</latexit><latexit sha1_base64="LOVYrx2rvd+2NlQJN6ASz/iSxNQ=">AAACxnicjV HLSsNAFD2Nr1pfVZdugkVwVZIi6LLYTZcV7QNqKcl0WoemSZhMlFIEf8Ctfpr4B/oX3hlTUIvohCRnzr3nzNx7/TgQiXKc15y1tLyyupZfL2xsbm3vFHf3WkmU SsabLAoi2fG9hAci5E0lVMA7seTexA942x/XdLx9y2UiovBKTWPem3ijUAwF8xRRl7V+pV8sOWXHLHsRuBkoIVuNqPiCawwQgSHFBBwhFOEAHhJ6unDhICauhx lxkpAwcY57FEibUhanDI/YMX1HtOtmbEh77ZkYNaNTAnolKW0ckSaiPElYn2abeGqcNfub98x46rtN6e9nXhNiFW6I/Us3z/yvTteiMMSZqUFQTbFhdHUsc0lN V/TN7S9VKXKIidN4QHFJmBnlvM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7PcS6CVqXsOmX34qRUPc9GnccBDnFM8zxFFXU00CTvER7xhGerboVWat19plq5TL OPb8t6+ACSEo/t</latexit>
U(x, t)
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<latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAACxnic jVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++ 00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PL hwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRT YhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9W wIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAACxnic jVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++ 00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PL hwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRT YhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9W wIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAACxnic jVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++ 00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PL hwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRT YhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9W wIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit><latexit sha1_base64="LebaZp7iQvqEm/QXqwVhDAyB050=">AAACxnic jVHLSsNAFD2Nr1pfVZdugkVwVRIRdFnspsuK9gG1lGQ6rUPzYjJRigj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zuff6SSBS5TivBWthcWl5pbhaWlvf2Nwqb++ 00ziTjLdYHMSy63spD0TEW0qogHcTyb3QD3jHn9R1vHPDZSri6FJNE94PvXEkRoJ5iqiL+sAdlCtO1THLngduDirIVzMuv+AKQ8RgyBCCI4IiHMBDSk8PL hwkxPVxR5wkJEyc4x4l0maUxSnDI3ZC3zHtejkb0V57pkbN6JSAXklKGwekiSlPEtan2SaeGWfN/uZ9Zzz13ab093OvkFiFa2L/0s0y/6vTtSiMcGpqEFRT YhhdHctdMtMVfXP7S1WKHBLiNB5SXBJmRjnrs200qald99Yz8TeTqVm9Z3luhnd9Sxqw+3Oc86B9VHWdqnt+XKmd5aMuYg/7OKR5nqCGBppokfcYj3jCs9W wIiuzbj9TrUKu2cW3ZT18AI+yj+w=</latexit>
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U(x, t)
Pumping Geometry Sink Geometry
⇥D C/L
<latexit sha1_base64="lXMdQCYv0yB7eMXJNmuO c4+6dY8=">AAAC23icjVHLSsNAFD2Nr/quCm7cDBbBVU1E0GWxLly4ULBVaEuZpKMO5sVkIoi6cidu/QG3+ j/iH+hfeGeM4APRCUnOnHvPmbn3+mkoM+26zyVnYHBoeKQ8OjY+MTk1XZmZbWVJrgLRDJIwUYc+z0QoY9HU UofiMFWCR34oDvzThokfnAmVySTe1+ep6Eb8OJZHMuCaqF5lvqNlJDK2xTpbItScNdgK22G9StWtuXaxn8 ArQBXF2k0qT+igjwQBckQQiKEJh+DI6GnDg4uUuC4uiFOEpI0LXGGMtDllCcrgxJ7S95h27YKNaW88M6sO6 JSQXkVKhiXSJJSnCJvTmI3n1tmwv3lfWE9zt3P6+4VXRKzGCbF/6T4y/6sztWgcYcPWIKmm1DKmuqBwyW1X zM3Zp6o0OaTEGdynuCIcWOVHn5nVZLZ201tu4y8207BmHxS5OV7NLWnA3vdx/gSt1Zrn1ry9tWp9sxh1GQt YxDLNcx11bGMXTfK+xD0e8Oh0nWvnxrl9T3VKhWYOX5Zz9wbJF5aO</latexit><latexit sha1_base64="lXMdQCYv0yB7eMXJNmuO c4+6dY8=">AAAC23icjVHLSsNAFD2Nr/quCm7cDBbBVU1E0GWxLly4ULBVaEuZpKMO5sVkIoi6cidu/QG3+ j/iH+hfeGeM4APRCUnOnHvPmbn3+mkoM+26zyVnYHBoeKQ8OjY+MTk1XZmZbWVJrgLRDJIwUYc+z0QoY9HU UofiMFWCR34oDvzThokfnAmVySTe1+ep6Eb8OJZHMuCaqF5lvqNlJDK2xTpbItScNdgK22G9StWtuXaxn8 ArQBXF2k0qT+igjwQBckQQiKEJh+DI6GnDg4uUuC4uiFOEpI0LXGGMtDllCcrgxJ7S95h27YKNaW88M6sO6 JSQXkVKhiXSJJSnCJvTmI3n1tmwv3lfWE9zt3P6+4VXRKzGCbF/6T4y/6sztWgcYcPWIKmm1DKmuqBwyW1X zM3Zp6o0OaTEGdynuCIcWOVHn5nVZLZ201tu4y8207BmHxS5OV7NLWnA3vdx/gSt1Zrn1ry9tWp9sxh1GQt YxDLNcx11bGMXTfK+xD0e8Oh0nWvnxrl9T3VKhWYOX5Zz9wbJF5aO</latexit><latexit sha1_base64="lXMdQCYv0yB7eMXJNmuO c4+6dY8=">AAAC23icjVHLSsNAFD2Nr/quCm7cDBbBVU1E0GWxLly4ULBVaEuZpKMO5sVkIoi6cidu/QG3+ j/iH+hfeGeM4APRCUnOnHvPmbn3+mkoM+26zyVnYHBoeKQ8OjY+MTk1XZmZbWVJrgLRDJIwUYc+z0QoY9HU UofiMFWCR34oDvzThokfnAmVySTe1+ep6Eb8OJZHMuCaqF5lvqNlJDK2xTpbItScNdgK22G9StWtuXaxn8 ArQBXF2k0qT+igjwQBckQQiKEJh+DI6GnDg4uUuC4uiFOEpI0LXGGMtDllCcrgxJ7S95h27YKNaW88M6sO6 JSQXkVKhiXSJJSnCJvTmI3n1tmwv3lfWE9zt3P6+4VXRKzGCbF/6T4y/6sztWgcYcPWIKmm1DKmuqBwyW1X zM3Zp6o0OaTEGdynuCIcWOVHn5nVZLZ201tu4y8207BmHxS5OV7NLWnA3vdx/gSt1Zrn1ry9tWp9sxh1GQt YxDLNcx11bGMXTfK+xD0e8Oh0nWvnxrl9T3VKhWYOX5Zz9wbJF5aO</latexit><latexit sha1_base64="lXMdQCYv0yB7eMXJNmuO c4+6dY8=">AAAC23icjVHLSsNAFD2Nr/quCm7cDBbBVU1E0GWxLly4ULBVaEuZpKMO5sVkIoi6cidu/QG3+ j/iH+hfeGeM4APRCUnOnHvPmbn3+mkoM+26zyVnYHBoeKQ8OjY+MTk1XZmZbWVJrgLRDJIwUYc+z0QoY9HU UofiMFWCR34oDvzThokfnAmVySTe1+ep6Eb8OJZHMuCaqF5lvqNlJDK2xTpbItScNdgK22G9StWtuXaxn8 ArQBXF2k0qT+igjwQBckQQiKEJh+DI6GnDg4uUuC4uiFOEpI0LXGGMtDllCcrgxJ7S95h27YKNaW88M6sO6 JSQXkVKhiXSJJSnCJvTmI3n1tmwv3lfWE9zt3P6+4VXRKzGCbF/6T4y/6sztWgcYcPWIKmm1DKmuqBwyW1X zM3Zp6o0OaTEGdynuCIcWOVHn5nVZLZ201tu4y8207BmHxS5OV7NLWnA3vdx/gSt1Zrn1ry9tWp9sxh1GQt YxDLNcx11bGMXTfK+xD0e8Oh0nWvnxrl9T3VKhWYOX5Zz9wbJF5aO</latexit>
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FIG. 10. Asymmetric ON/OFF pumping (a)
Schematic showing the geometry relevant for pumping, with
a steep energy barrier near the low concentration, C2 > C1
and δ0 < 0.5. (b) Schematic showing the opposite geometry
C2 > C1 but δ0 > 0.5. (c) and (d) Analytic results for the
effective normalized flux 〈J〉(ω) Eq. 72 for different ratios of
the ON-OFF respective times of the barrier. Note that α
measures how long the barrier is OFF. The results are plot-
ted for δ0 = 0.1 in the pumping geometry and δ0 = 0.9 in
the sink geometry, C1 = 0.1, C2 = 1.0; and in the numerical
computation U0 = 10kBT . The couple of red arrows indicates
regimes where pumping is seen.
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